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I . Introduction 

Direct heat and mass transfer between dispersed and continuous liquid 
phases is utilized over a wide range of industrial applications . The advantages 
of direct-contact heat transfer over the conventional processes using metallic 
transfer surfaces have lately stimulated research on its utilization for water 
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desalination projects. These advantages, predominant factors in determining 
the feasibility of the various suggested projects, are 

(1) Simple design and relatively inexpensive equipment ; 
(2) Low maintenance due to absence, or reduction, of scale formation on 

(3) The obtainable close temperature approaches. 
The larger volumes of fluids required in liquid-liquid heat transfer can 

sometimes be reduced by having the dispersed phase evaporate (or condense) 
within the continuous liquid medium. Latent, rather than sensible, heat 
transfer takes place in these “ three-phase ” exchangers, thus permitting a 
more effective heat-transfer process. Though this method is promising, 
relatively little is known about direct-contact heat transfer between im- 
miscible liquids. The basic characteristics of heat transfer between dispersed 
and continuous media are thus of both scientific and practical interest. 

Although most of the literature dealing with single drops is confined to 
mass transfer, the pertinent information is reported here in heat-transfer 
terms, using the classical analogies. However, interfacial agitation, regarded 
as concentration-dependent rather than temperature-dependent, may have 
affected some of the empirical equations in question. Hence care must be 
exercised when applying the latter to actual liquid-liquid heat-transfer 
operations. 

The passage of a drop through a column of another liquid is characterized 
by three regimes: (a) drop formation and acceleration; (b) constant velocity; 
and (c) coalescense. In the present work the constant-velocity region is treated 
in detail in Sections I1 and 111, whereas reference to the other two regions is 
made in Section VI. Section I11 deals with the fundamental case of a freely 
moving drop in a constant-temperature liquid. Section IV is mainly devoted 
to the interesting and highly important case of spray columns, where the 
drops move in a liquid under continuous temperature change. In Section V, 
the relatively new “ three-phase ” direct-contact heat transfer with change of 
phase is discussed. The various aspects of column end effects, drop tempera- 
ture, and drop diameter are treated in Section VI. 

The basic “ classical ” theories, such as the film, boundary layer, transient 
film, and penetration hypotheses are obviously outside the scope of this 
chapter, but the reader is assumed to be familiar with their basic concepts. 
Harriott’s (H8) recent review on mass transfer to interfaces is recommended 
in this connection. An excellent treatise on the motion of drops and bubbles 
in fluid media is found in Levich’s “ Physicochemical Hydrodynamics” (L8, 
Ch. 8). 

The two-film concept is convenient in describing transfer phenomena. 
However, use of this general concept, applicable even to agitated fluids near 
the interface, should not be taken as support for the classical stagnant film 

solid surfaces ; 
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hypothesis, better known as the “ two-film theory.” Instead, the general 
concepts of Toor’s (T5) combined film penetration theory should preferably 
be borne in mind. 

To adopt a common procedure here, the external film coefficient is ex- 
pressed in terms of the Nusselt number. The internal coefficients, however, 
are given indirectly by the transfer efficiency, Em,  representing the fractional 
approach to the maximum possible heat transfer. Thus, by definition, 

where To and Ti are the outlet and inlet mixing-cup average temperatures of 
the drop, and T, is the constant temperature of the continuous medium. With 
heat capacities assumed to be constants, Em is the ratio of the heat actually 
absorbed by the drop to the maximum transferable heat. The internal heat- 
transfer coefficients (defined as the actual amount of heat transferred per unit 
area, time, and temperature gradient), can conveniently be expressed in terms 
of Em and drop area. Plots are available for this conversion (B15). It should 
be noted that Em as defined here is confined to the constant-velocity region 
and is only identical with the over-all transfer efficiency, E,, provided end 
effects are disregarded. 

Despite intensive efforts towards better understanding of transfer phe- 
nomena between drops and continuous media, accurate prediction of the 
transfer coefficients for a given system can as yet only be hoped for. Never- 
theless, accumulated experience may provide an indication of the transfer 
mechanism to be encountered and the relevant coefficients may be estimated 
accordingly. Conversely, given experimental data, the controlling mechanism 
may be defined. It is therefore of theoretical as well as of practical interest to 
survey, in as much detail as space allows, the commonly postulated models 
and suggested mechanisms of transfer to single drops (S8). Since most of the 
analyses are reported in terms of dimensionless groups, attempts to obtain 
general equations by dimensional analysis, as well as their inherent limitations, 
will be dealt with first. 

II. Equations Based on Dimensionless Similarity 

Similarity criteria are ratios of the various forces or fluxes controlling the 
rate of the process involved. These are the momentum, viscous, gravity, and 
surface-tension forces and the conduction and convection terms, determined 
by the geometry of the system and the physical properties of the fluids. 
Density, viscosity, surface tension, heat capacity, and thermal conductivity 
are the physical properties to be considered. 
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The dimensionless equation describing the transfer phenomena may be 
obtained either by direct reference to the ratios of the physical quantities or 
by recourse to the classical techniques of dimensional analysis, i.e., the 
Buckingham II Theorem or Rayleigh's method of indices. In addition, the basic 
differential equations governing the process may be reduced to dimensionless 
form and the coefficients identified. In general, the dimensionless equation 
for heat transfer through the combined film is 

However, if each of the films is considered separately, two equations similar 
to Eq. (l), but excluding the diffusivity-ratio term, are obtained (H5). Deter- 
mination of the functional relationship between the various dimensionless 
groups is quite difficult, and many of the correlations reported (see Tables 
1-111) are abbreviated forms of Eq. (1). Obviously these introduce the assump- 
tion that effects of interfacial tension, phase viscosities, and density difference 
on the transfer coefficient are constant over the usual range of these properties. 
Since the range is normally narrow, the assumption is quite reasonable, 
though one may expect a fairly wide scatter of measured values for unusual 
systems. 

An attempt to combine in a single dimensionless equation the numerous 
variables involved in extraction from a drop was reported recently. Lileeva 
and Smirnov (L14) derived the dimensionless groups from the four basic 
differential equations (motion, continuity, kinetic diffusion, and convection) 
and the initial and boundary conditions. The eleven groups derived were then 
reduced to  the following equation: 

where NF, is the Fourier number, NGr the Grashof number, K the log-mean 
average of the distribution coefficients, and L a geometrical factor reIating 
the drop and column diameters. 

A large number of independent experiments is required to determine the 
functional relationship between the various dimensionless groups. Moreover, 
some of the groups are interrelated. The exponents of the relationship pro- 
posed in Eq. (2) were determined by assigning values to the exponents of the 
standard groups (NRe, Npr) and, by trial and error, the numerical values of 
the other exponents were adjusted to fit the experimental data. Thus, though 
this relationship is applicable to extraction of acids from benzene drops into 
water, it cannot, by nature of its derivation, be considered as general. 
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Ill. Heat Transfer to Drops Moving in a Constant-Temperature Field 

A. ASSUMED PHYSICAL MODELS 

A common, and more rigorous, procedure is based on deriving an equa- 
tion from an assumed physical model, susceptible to mathematical analysis, 
and evaluating the assumptions of the model by means of experimental data. 
The three models to be discussed here are 

(a) Rigid drop; 
(b) Completely mixed drop; 
(c) Drop with internal circulation. 

As already stated, it is not uncommon to determine the transfer mechanism 
for a given system by comparing the experimental data with theoretical values 
calculated from the corresponding models (M3). A method for testing 
experimental data with a view to determining the applicable transfer mech- 
anism was suggested by Licht and Pansing (Ll3). The method, based on 
plotting log(] - ET) vs time, is especially suitable for cases with long contact 
time. In the present chapter the mechanisms based on the above-mentioned 
models are studied with special emphasis on model (c). The various theoretical 
and empirical equations obtained by means of these models are summarized 
in Tables I-IV. 

B. RIGID-DROP MODEL 

This model is obviously an extension of the well-known theory of heat 
transferred by radial conduction. Solution of the basic differential equations 
depends on the boundary conditions stipulated, the boundary layer and 
velocity profiles of the continuous phase. 

1. Transfer Coeficients outside a Rigid Drop 

Numerous workers (B16, F2, F4, H17,54, K4, K7, L8, M2, S5, and others) 
estimated the external heat-transfer coefficient in the continuous phase by 
assuming a velocity profile in the boundary layer and ambient fluid. Except 
for very low Reynolds numbers, the exact boundary layer solutions only 
apply to the front part of the drop, up to the separation point. Fortunately, 
simple assumptions sometimes suffice for extending the derivation to the 
entire drop, and the relationships obtained are in agreement with experi- 
mental data. The limitations of the analytical solutions, as well as their 
application to nonspherical drops, is concisely demonstrated in Lochiel and 
Calderbank’s (L18) recent study on mass transfer around axisymmetric 
bodies of revolutions. 
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TABLE I 

EQUATIONS FOR OUTSIDE NUSSELT NUMBER [(?IR& < 11: RIGID-DROP MODEL 

Equation 
no. Source (“A (NRA 

( N P &  (NP&Z 
<1 + - + ... 

2 + 2  6 
1-1 (F2) 

1-2 (W3) 

1-3 (F3) 

1-4 (K6) 

1-5 (B14) 

1-6 (F2) 

1-7 (B12, F2, W3) 0 .98 (N~&’~  < 1  

1-8 (Al) 1.075(N~Jf” < I  

(NPr)= (NPe)= Physical description 

Laminar flow 
< Thick concentration - 

boundary layer 

Laminar flow 
< Thick concentration 

- 

boundary layer 

- < I  Laminar flow 

- < I  Laminar flow 

- < 10 Laminar flow 

Laminar flow - 
>lo3 Thin concentration 

boundary layer 

Laminar flow - 
>lo3 Thin concentration 

boundary layer 

Liquid-solid mass 
% l  - transfer 

Derivation 

Boundary layer theory 
Stokes stream function 

Boundary layer theory 
approximated from 

(B 12) s r 
Perturbation method v1 

Perturbation method 

Perturbation method 

Boundary layer theory 
Stokes stream function 

Boundary layer theory 
Stokes stream function 

Boundary layer theory 
and empiricism 
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In general, correlations for NPe < 1, NRe < 1 have the following form: 

( N N J c  = Polynomial(N,,) (3) 

where NPe = NRe NPr . Some of these relations are presented in Table I and 
compared in Fig. 1. 

N 

FIG. 1. Comparison of equations for outside Nusselt number (cf. Table I). 

For the more common and practical operating range of NPe > 1, Eq. (1) 
reduces to 

("u)c = a + b(NRe)em(NPr)E (4) 
where 

m = n = $  for Npe$ 1; N R , <  1 

m = +  n = 3 for 1 < ( N R e ) c <  lo4 

The constants a, b, my and n,  as determined by various workers in the 
field, are seen in Table 11. Some of the proposed equations for (NRe)c > 1 are 

and 



TABLE Il !2 
P 

EQUATIONS FOR OUTSIDE NUSSELT NUMBER [(NRe)= > 11: RIGID-DROP MODEL 

Equation 
no. 

11-1 

11-2 

11-3 

11-4 
TI- 5 
11-6 
11-7 
11-8 
11-9 
11- 10 
11-1 1 
11-12 

11-13 

11-14 

11-15 
11-16 

Physical description Derivation 

2 + 0.55 (NR~).!‘* (Npr)E13 2-1000 <1 

20-160 > I  

< l  
0-200 
1-7 x 104 

50-350 
50-1000 
50-1000 

> I  
0-2500 

60-600 
20-835 
4-400 

400-105 

1-2 
1 
1 

> 1  
1 

>1 
>1  

1 
2 1  

Dissolving of solids 

Evaporation and sublima- 
tion 

Mass transfer, 
liquid-liquid 

Evaporation 

Evaporation 
Evaporation 
Evaporation 
Mass transfer, gas-liquid 
Mass transfer 
Mass transfer, liquid-solid 
Mass transfer, liquid-solid 
Mass transfer, evaporation 
Mass transfer, gas-liquid 

solid-liquid 
Heat transfer 

Heat transfer 

Heat transfer 
Heat transfer 

Boundary layer 
theory and 
empiricism 

Empirical 

Empirical 

Empirical 

rn Empirical r 

Empirical 
Empirical 
Empirical 
Empirical 
Empirical 
Empirical 
Empirical 

Empirical 

Empirical 

Empirical 
Empirical 

Empirical z 

~ ~ 

“frises to about 2 as (N& goes from 0 to 10, then falls slowly to 1 ; f= 1 for (NR& > 80. 
* W N ~ O  = 2 + 0.569 [ ( A ‘ C ~ ) ~ ‘ P ~ ) ~ I ~  2 5 .  
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compared in Fig. 2. The continuous phase was taken as water, with (NP,), = 7. 
Some other references, dealing with boundary layer solutions for solid 
spheres and not included here, are given in (G21, H17, S20). As seen from 
Table 11, most transfer data for solid spheres and stagnant drops up to Rey- 
nolds numbers of 1000 fit Eq. (4), with b varying between 0.43 and 0.95, the 
higher value most probably suitable for liquid-liquid systems. In general, 
b = 0.57 is recommended (G21) and 

(NNJC = a = 2 is the limiting value for diffusion into infinite stagnant 
medium, originally calculated by Langmuir (L3) in 1918 and confirmed since 
by numerous workers. However, as natural convection may be pronounced 
in liquid systems, higher limiting values may be obtained, especially with large 
spherical drops moving in liquids with low kinematic viscosities v, since for 
natural convection the Grashof number varies inversely as v z  and directly as 
cube of the diameter. Good agreement was obtained with b = 0.95 for liquid- 
liquid and liquid-solid systems. However, a more general equation, suggested 
by Steinberger and Treybal (S20), based on the additivity of natural and 
forced convection and valid for all systems (including gas-liquid), is shown 
in Fig. 3:  



TABLE I11 EQUATIONS FOR OUTSIDI 

Equation 
no. Source ( N N ~ C  (NRA 

111-17 (T3) - 178 + 3.62(N~&”(Npr):’~ 

111-18 (GW 50 + 8.5 x 10-3(NR,),(Np,),”.7 

<10 

< 10 

>1 

>1 

< 1500 

18-800 

50-800 

100-700 



NUSELT NUMBER : CIRCULATING-DROP MODEL 

( N ~ r ) c  (NP& Physical description Derivation 
- 

% 1  Drop circulation 

% 2,4( 3 + 4) ' (E + 1) % 1 Drop circulation 

& 2.8 (" - L k )  ( 12Pd L l9k) ' Drop circulation 

Drop circulation 

92.8(Pd;cPc) ('2Pd;c19Pc)2 Drop circulation 

> 1000 

< 1  Drop circulation 

< 10 Drop circulation 

2-100 Drop circulation 

Large Drop circulation 

- Drop circulation 

- Drop circulation 

Large Drop circulation 

- Drop circulation 

- Drop circulation 

- Drop circulation 

Drop circulation 

With and without 
circulation 

Drop circulation 
plus oscillation 

Hadamard steam func- 
tion 

"Potential theory '' plus 
Hadamard's velocity 

Hadamard stream func- 
tion, approximation 
from (B12) 

Hadamard stream func- 
tion 

Hadamard stream func- 
tion, approximation 
from (B12) 

Hadamard stream func- 
tion, approximation 
from (B12) 

Perturbation technique 

Potential flow 

Potential flow 

Potential, modified 

Reynolds analogy 

Simplified boundary- 

Empirical, mass transfer: 

layer theory 

gas-liquid; liquid- 
liquid 

liquid-liquid 
Empirical, mass transfer: 

Empirical, heat transfer: 

Empirical, mass transfer: 

Empirical, mass transfer: 

Empirical, mass transfer: 

liquid-liquid 

liquid-liquid 

liquid-liquid 

liquid-liquid 



TABLE IV INSIDE TRANSFER-EFFICIENCY EQUATIONS : RIGID- AND CIRCULATING-DROP MODEIS (S8) !2 
00 

Eq. no. Source E m  Eigenvalue Description Derivation 

IV- 1 

IV-2 

IV-3 

IV-4 

IV-5 

IV-6 

IV-7 

IV-8 

IV-9 

IV-I0 

6 1 [-n$'aB] 

?T2.=1n2 
1 -- c -exp ~ 

[ 1 - exp (-iye)]i/2 - 

m 

1 - 6 c A. exp - 

1 - c A,'exp [ ~ -y26a"] 
1 - 8 " = l  AmZ exp[ 

[ Table A-1 
" = I  

m 

Table A-2 
"= 1 

m --hn16aB 
Table A-3 

m --h.aB(Np,,h 
= 2.88 [ 5t2R2 ] 1 - 2 AnZ exp 

"= 1 

-Xn2RaB 
1 - 6 5 A. exp [ Table A-1 

" = l  

R+aB 
0.905 ( y.) + 0.0189 

t - 6A1 exp[--X1 ZRa6/RZ] Table A-1 

Rigid sphere: h, = w , T, = const Conduction equation 

Rigid sphere: h, = w, T, = const Empirical, Eq. (IV-1) 

Conduction equation Rigid sphere: h, # to, T, = const 

Drop circulation: h, = w, T, = const, Hadamard stream 
m 

u = O ,  NRc< 1 function r 
E 

Drop circulation: h, # w, T, = const, Hadamard stream 
0 = 0 ,  Nuc< 1 function 5 z 

Drop circulation: h, = w, T, = const, Empirical, Eq. (IV-4) 
10 < Nuc < 200,6 < Npr < 3000 

Drop circulation allowed with a radial 
motion: NRe = 1O00, h, = to, T, = 

const 

Einstein equation 

Drop circulation or oscillation: Empirical, Eq. (IV-3) 
10 < NRe < 120,315 < NRe < 620 

Drop circulation or oscillation: Em < 0.5 

Drop circulation or oscillation: Em > 0.5 

Curve fitting, 

Eq. (IV-8) 

Eq. (IV-8) 
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where 

( N N J O  = 2 + 0.569C(Ncr),(NP,)cIo.25 (7) 

is the natural-convection contribution to transfer, when (NGr), . (Npr), < lo8. 
Oscillation of the wake, already setting in at Reynolds numbers of about 

200 for stagnant drops and 500 for solid spheres (G12), as well as of the drops, 
increases the transfer rate. Direct proportionality between the transfer co- 
efficient and (NRe),  may be approached (G12). This is probably why Stein- 
berger and Treybal (S20) found that the exponent m = 0.62 for Reynolds 

I 10 lo2 lo3 18 d 
N Rec N"2 Prc 

FIG. 3. Comparison of Eq. (6) with literature data (S20). (Courtesy of American Insti- 
tute of Chemical Engineers.) 

number gave the best fit in their general correlation, in the extended range of 
1 <(NR,),<30000. If transfer in the wake region is assumed to obey the 
transient film mechanism postulated by the penetration theories of Higbie 
(H15) or Danckwerts (D2), an exponent higher than n = 4 would be expected 
for the Prandtl number. However, Eqs. (5) or (6) should be satisfactory for 
most dispersed-phase problems, where fluid spheres would not exceed 

It is of interest to note that, by judicious definition of the characteristic 
diameter of nonspherical bodies, good agreement with the equations for 
spherical solids was obtained. A diameter defined by the total surface area 
of the body, divided by the perimeter normal to flow, was successfully used 
for spheres, hemispheres, cubes, prisms, and cylinders (PI), yielding a = 0; 
b = 0.692; m = 0.51 4; and n = 4 [Eq. (4)]. Similar results were obtained for 
spheroids (S14), namely a = 0;  b = 0.74; m = 0.5; and n = f. The commonly 
used equivalent diameter of a sphere of the same volume as the body yields 
transfer coefficients increasing with eccentricity (S14). 

(NRe),= 1000. 
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2. Transfer Coficients inside a Rigid Drop 

Newman (N3), Geddes (G16), and others obtained the internal transfer 
efficiency, for the special case of zero resistance of the external film. By 
solving the unsteady-state diffusion equation, they obtained the following 
expression for the transfer efficiency : 

6 - 1  

z2 n = l  n 
E m = l - - I C e x p  

where ct is the thermal diffusivity, 0 the time, and R the radius of the drop. 
Evidently Eq. (8) yields the highest transfer coefficient for small drops 

(less than 1-2 mm. diam.), mainly encountered in agitating systems where the 
rigid-drop model should apply. 

The transfer efficiency, calculated by Brown (B15) as a function of time 
for various water-drop diameters, is presented in Fig. 4, indicating the mini- 
mum residence time required for a given transfer efficiency. 

.O 
0.9 
0.8 
0.7 
0.6 
0.5 
0.4 
0.3 
0.2 
0.1 

0.0001 0.001 0.01 0.1 1.0 10 
0 

TIME - SECOND 

FIG. 4. Time of heating, by conduction, a sphere of water: Eq. (8), zero initial tempera- 
ture, thermal diffusivity 0.0065 ft2/hr (Bl5). (Courtesy of American Society of Mechanical 
Engineers.) 

A simplified solution based on experimental data was suggested by 
Vermeulen (V 1 : . ,  

(9) 

An approximate solution applicable for ciO/RZ < can be obtained 
(H13) by using the solution for diffusion from a plane surface into an in- 
finitely thick layer, which gives 

However, comparison of Eqs. (8), (9), and (10) (Fig. 10) shows Eq. (10) to 
yield somewhat higher values of Em even in the limited range indicated here. 
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Grober (G22) and Jakob (Jl) included the external film resistance, and 
obtained 

W 

E , = 1 - 6 Z A n e x p  
n = l  

A graphical solution of Eq. (1 1) is given by McAdams (M2). A modified form 
of this graph, suggested by Calderbank (Cl), is presented in Fig. 5 .  The 
constants A ,  and eigenvalues An are given in the Appendix, Table A-I. 

1.0 

0.8 

0.6 
I-Em 

0.4 

0.2 

0 .o 
1 2 4 6 10 20 S o d 0 0  200 600 1000 

- hCR 

kd 

FIG. 5. Transfer efficiency by diffusion into spheres with finite 
resistance (Cl). (Courtesy of Chemical Engineering Science.) 

continuous -phase 

C .  COMPLETELY MIXED-DROP MODEL 

In accordance with the two-film theory, the two phases are considered to 
have uniform, though different, bulk temperatures. The over-all heat-transfer 
coefficient through the combined films U is defined by 

d Q / d @  = AU(T, - &) (12) 

where dQ = (VCppT), is the heat transferred to the drop, and A and V are 
the surface area and volume of the drop, respectively. Integration over the 
duration of contact between the phases yields 

For the classical case of a completely mixed drop, where the internal film 
resistance is negligible compared with that of the external film, we have 
U = h,; i.e., the external resistance governs the transfer rate. 
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Similarly, adaptation of the Higbie penetration theory for a completely 
mixed drop, with the contact time assumed to be identical with that required 
for the drop to traverse a distance equal to its diameter, yields [see also 
Eq. (2911 

D. DROPS WITH INTERNAL CIRCULATION 

1. General Characteristics of the Model 

Drop circulation is by far the most important and stimulating model and 
numerous workers have treated its momentum-, heat-, and mass-transfer 
aspects both theoretically' and experimentally.2 

A drop (or bubble) moving in a viscous fluid tends to circulate internally 
(Fig. 6) due to the shear stress applied at its interface by the ambient fluid. 

FIG. 6. Comparison of theoretical and experimental circulation patterns: glycerine 
drop in castor oil (S18). 

As a result of the motion of the interface, the viscous friction is lower and the 
drop velocity higher. Hence the transfer rate is increased by a factor approxi- 
mately equal to 1.9(Np,)''6 compared with the rigid drop. One may expect 
circulation to increase with drop size and the viscosity ratio pc /pd  of the two 
fluids. 

According to the classical theories of Hadamard (H2), Rybczynski (R9), 
and Boussinesq (BlO), circulation sets in whenever a drop moves in a viscous 
fluid. Figure 6 shows Hadamard streamlines compared with the experimental 
ones obtained by Spelles (S18). Experiments (G8) indicated that circulation 
takes place readily, though not exclusively (G5), in the presence of a suitable 
driving force (temperature or concentration gradients) and only above a 

B4, B10, B12, D6, D7, F5, H2, H5, HIS, K5, K6, L6, L7, L8, R8, R9, S3, and others. 
B13, C1, D8, E2,G3, G5, G6, G8, G12, G20, H4, H5, L15, L17, M3, R6, R8, S8, S18, 

T3, T4, and others. 
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certain level of the Reynolds number; i.e., whenever the drag force exceeds a 
certain minimum discussed below. The Reynolds number at which circulation 
sets in within the drop decreases with increasing viscosity of the continuous 
phase (GIO). 

Garner and Skelland (G9) suggested an equation for the critical Reynolds 
number determining the onset of circulation, but it is rather inaccurate since 
circulation is highly dependent on fluid purity and on the presence of surface 
active impurities (G5, G21, L17). The lower the interfacial tension, the 
lower the transitional Reynolds number (G8), and the higher the over-all 
transfer coefficient (L1 I ,  S 6 ) .  For a drop with high surface tension, minute 
amounts of impurities suffice to produce an appreciable surface-tension 
gradient at the interface, thus greatly retarding circulation. Bond (B8, B9) 
included surface tension in his criterion for the onset of circulation, inferring 
that the latter was restricted by the interfacial tension when the radius was 
small enough. However, this criterion was derived from experimental data 
in the streamline region and is rather inadequate in the practical ranges of the 
Reynolds numbers, especially since circulation is known to be strongly 
affected by immeasurably small changes in  surface tension due to surface 
active agents (D6, LI 7). Thus retardation of circulation is associated with 
surface-tension gradients along the interface, rather than a simple reduction 
in surface tension. For a given system, the effect of a surface-tension gradient 
increases with decreasing drop diameter, and below a certain size (as shown 
later) circulation is reduced or arrested with the transfer coefficients approach- 
ing the “ rigid-drop ” values. 

It is now generally agreed that an adsorbed film of a surface active agent, 
which sets up tangential forces on the surface of the drop, is responsible for 
reducing or arresting drop circulation. The motion of the drop’s interface 
causes a concentration gradient of the surface active agent, resulting in a 
gradient in the interfacial tension. [Polar oils are less susceptible, having 
lower energies of adsorption and higher rates of desorption of surface active 
material compared with nonpolar oils (D6).] The ensuing tangential forces 
are codirectional with the decreasing interfacial tension ; they affect the flow 
characteristics at the interface by counterbalancing part of the shearing stress 
exerted by the continuous phase on the drop surface, and thereby reduce 
circulation. For a given system the resistance to circulation in the drop de- 
pends on its diameter; the smaller the drop, the larger will be the surface 
pressure gradient between its front and rear, and the smaller will be the 
tangential friction stress (D6). A force equilibrium at any point on the 
interface (G21, S4) gives 



224 SAMUEL SIDEMAN 

where the x and y directions, respectively, are parallel and normal to the 
drop interface. Thus circulation within the drop will be retarded appreciably, 
or even arrested, if the interfacial tension gradient and external viscous drag 
are of the same order of magnitude. If the rear of the drop is covered beyond 
4 > 135”, drag coefficients will correspond to the experimental values for 
solid spheres. 

According to Savic (S3), Levich (L8), and others (D6, H3, L17), an 
immobile “cap” may be formed at the bottom of the drop, confining cir- 
culation to its front part only. This is due to the relatively small velocities at 
the vicinity of the rear stagnation point, and to accumulation of the surface 
active material near the point of flow separation (H3), if present. The resulting 
interfacial-tension gradient should prevent transmission of tangential stress 
to the interior fluid, thus creating a stagnant region in the rear part of the 
drop. This may explain why the second vortex ring inside the drop, predicted 
by Hamielec and Johnson (H3) for the intermediate range of Reynolds 
numbers, has never been observed. 

If the rate of desorption of surfactants is very much greater than the rate 
at which the drop traverses through a distance equivalent to its diameter 
(about 0.02 sec), one may expect (D6) no accumulation of surfactants at the 
rear end. A quantitative semiempirical expression for the degree of drop 
circulation as a function of the viscous forces, drop diameter, densities and 
the compressional modulus of the surface film (surface-tension gradient), as 
well as the empirical fraction of liquid circulating, has been suggested by 
Davies (D6). 

Levich (L8) and others (S4) have suggested a criterion for the critical drop 
diameter, incorporating the difference between the limiting interfacial tension 
0, (determined for large concentrations of surface active impurities) and that 
of the pure system 0. The proposed critical transition radius is given by Eq. 
58 (Section V1,C). The dependence of circulation on the difference in inter- 
facial tension has been experimentally verified (D6, G21), but no proof of 
the validity of this criterion has been reported. However, application of this 
criterion should provide approximate values. 

It is of interest that the onset of circulation of liquid drops is associated 
with deformation of the spherical drop into an ellipsoid (R8, C6, G2). 
Deformation of the spherical drops was found to be associated with oscilla- 
tions and with higher transfer rates (C6) even in highly viscous fluids where 
stagnant drop characteristics are generally assumed. Garner (G12), who 
studied the wake behind the deformed drops, concluded that the higher 
transfer rates were due to the onset of instability and oscillation of the wake 
at this relatively low Reynolds number (200) compared with 400 to 450 for 
solid spheres. However, no quantitative relationship is available. 

Terjesen et al. (T3, B13) suggested that internal circulation in itself does 
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not account for the higher transfer coefficients of drops, compared with solid 
spheres. For pure fluids the higher transfer coefficients were accounted for 
by the higher velocities of circulating drops, rather than by the effect of 
circulation on the thickness of the external boundary layer. Drop velocity was 
found to be much more sensitive to the presence of surfactant than the trans- 
fer coefficients. " Solid-drop " velocities were reached at concentrations of 
surface active agent about 10 times lower than those required for the limiting 
reduction in the rate of mass transfer. Thus, if reduction in velocity represents 
reduction and eventual elimination of the internal circulation, they suggest 
that the higher mass-transfer rates realized are due to hydrodynamic causes 
such as formation of a vortex ring, rather than to internal circulation. This 
explanation is only partial, since the higher transfer rates measured with the 
noncirculating " slow" drops at low concentrations of the surfactants are 
related both to the area covered by the surfactant at the rear and to the 
turbulent wake characteristics. 

The effect of the wake behavior and boundary layer separation on the 
rate of mass transfer was studied by Garner and Tayeban (G12). The volumes 
of the wakes behind highly viscous drops of about 300 CP viscosity, assumed 
stagnant, were found to be about twice those behind circulating drops of 
6.5 CP viscosity. This corresponds to a large difference in the angle of bound- 
ary layer separation. Conkie and Savic (C5) suggest that the angle of separa- 
tion for circulating spherical drops should be 108" (the same as for a solid 
sphere at higher Reynolds numbers). Garner showed that, for Reynolds 
numbers of 500, the angle for stagnant drops and for solid spheres is about 
105", whereas for circulating drops the value is 140". Boundary layer separa- 
tion was first observed at (NRe)c = 60 for circulating drops of water in benzyl 
alcohol, compared with about 20 for solid spheres and stagnant drops. For 
fully circulating drops, the separation point should shift to the rear stagna- 
tion point, and no boundary layer separation should occur. The transfer co- 
efficients should then approach the values predicted by potential-flow theory ; 
Levich (F5, L8) reports that at (NRe)c = 300 the turbulent wake of an un- 
contaminated gas occupies only an angle of 2" at the rear. 

Thus, even for drops of low viscosity if not completely circulating, the 
interfacial velocity gradient is smaller and the contact area larger, resulting 
with higher transfer coefficients compared with stagnant " solid " spheres. 
For small drops, below 0.25 cm, the wake is nearly saturated, and steady 
transfer coefficients are obtained. The concentration in the wake decreases 
below the saturation value with increasing drop diameter and velocity, 
corresponding to higher Reynolds numbers and higher turbulence in the 
wake. Even with highly viscous drops, the onset of instability of the wake at 
(NRe)c = 160 resulted in transfer coefficients higher by some 30% (G12). 
Thus the toroidal vortex, setting in under boundary layer separation at 
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Reynolds numbers of about 20 (in stagnant drops), gains strength as the 
separation point shifts at higher Reynolds numbers. The increase in transfer 
coefficient in the continuous phase, even for drops not fully circulating, may 
thus be attributed to the combined effect of the increased disturbance in- 
tensity around the separation point and in the wake, to the forward movement 
of the separation point, and to higher velocities. 

The relative importance of the rear part of the drops compared with solid 
spheres was noted by Garner and also by Terjesen (T3). Garner (G4, G l l )  
and others (Al) showed that at moderate Reynolds numbers, up to 2500, 
most of the transfer takes place in the front part of the solid spheres ahead of 
the separation point. However, no frontal diffusion into liquid drops could 
be detected at high rates of fall (G2), whereas it was readiIy noticeable behind 
the drop. Thorsen and Terjesen (T3) concluded that the relative importance 
of the front and rear for drops and solid spheres is reversed, beginning with 
Reynolds numbers above 20. This hypothesis does not account for the ex- 
treme case where internal circulation is reversed (L17), probably due to higher 
transfer rates at the front and to the nonnegligible internal resistance to 
transfer. 

Another aspect, usually overlooked, is the effect of natural convection 
inside the drop on the transfer coefficient. Transfer coefficients differing by 
about 25% were found (W12) when drops were heated or cooled in the con- 
tinuous phase (see Section IV,B). 

A decrease of the transfer coefficient of drops and bubbles with time, due 
to decay of circulation, has been noted in a number of studies. Deindoerfer 
and Humphrey (D8) showed that the transfer coefficients of one- to two- 
second-old oxygen bubbles rising in water were in agreement with those 
obtained from the Higbie (H15) penetration theory, whereas the coefficients 
of six-second-old bubbles were close to those predicted by the rigid-drop 
theories. High absorption rates during the first few seconds after drop 
formation were also measured (G7) for single liquid drops suspended in a 
gas stream. Garner and Lane (G7) attributed such high rates to a high initial 
rate of circulation within the drop due to oscillations arising in the breaking 
away of the drop from the forming nozzle. They found a direct relation be- 
tween circulation (as based on the flow adjacent to the interface) and the 
internal resistance to mass transfer, but none between drop oscillation and 
mass transfer inside the drop. However, recent cinecamera studies of Marsh 
and Heideger (Mla) on mass transfer to falling drops showed no oscillations 
of the newly formed drops upon separation from the forming nozzle. The 
very high mass-transfer rates in the first second following formation were 
attributed to the presence of disordered internal motion caused by the high 
velocity of the liquid comprising the drop. An approximate mathematical 
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model predicting the decay of the transfer coefficient was applied with ap- 
parent success (Mla). The sharp decrease in the transfer coefficient may thus 
be understood in the light of the rapid decay of the internal motion after the 
detachment of the drop from the nozzle; after this brief time, the drop will 
be either stagnant or slowly circulating, depending on relative velocity, drop 
diameter, interfacial tension, and viscosity. 

Calderbank and Lochiel (Cla) have recently substantiated Hammerton 
and Garner’s findings (H4) that the rate of transfer does not vary as bubble 
ages from roughly 1-6 sec after bubble release, over a bubble diameter range 
of 0.5-2.65 cm. This is in some disagreement with the results of Deindoerfer 
and Humphrey, obtained with bubbles smaller than 0.5 cm. However, about 
45% of the decay of the transfer coefficient reported by the latter workers 
occurs between 0.5-1.0 sec, which is in general agreement with the more 
recent studies of Marsh and Heideger. 

For suspended bubbles, rigid-drop values were obtained (G21) after some 
40-60 sec. Gradual absorption of surface active agents would account for 
these facts. 

The decay of circulation was also reported by Rumscheidt and Mason 
(R8), who studied internal and external streamlines associated with circulating 
drops. They showed that behavior inside the drop is highly sensitive to traces 
of surface active agents present in either fluid phase, and suggested that ac- 
cumulation of the latter at the interface could render it viscoelastic. Thus the 
time of complete decay is dependent on the rate at which the surface active 
impurities are conveyed to the interface (L8, L17). With all surface active 
agents assumed to be inside the drop, the decay time was found (R8) directly 
proportional to the velocity gradient and inversely proportional to ( p d / p c )  + 1. 
However, circulation decay does appear in systems believed to  be extremely 
pure, which is consistent with Henniker’s ideas on the viscoelasticity of the 
interface (H14). 

Aging of the transfer coefficients was also noticed by Baird and Davidson 
(Bl) in experiments on absorption of very large C 0 2  bubbles in tap water. 
As suggested earlier by Garner (G12), the unsteady value of the transfer 
coefficient can probably be attributed to slow saturation of the turbulent 
wake under the spherical-cup bubble, where transfer is by eddy diffusion 
rather than by convection. With bubbles less than 2.5 cm diam, time- 
independent transfer coefficients were obtained. This was attributed (BI) to 
more rapid bubble circulation and renewal of the wake, which permit a 
steady state to set in faster behind the smaller bubbles; it is consistent both 
with the dependence of the steady-state time on the Peclet number (B6), 
which for spherical bubbles yields 0 oc R ,  and with the relationship 0 K R2’3, 
suggested by Levich (L8). However, due to the irregular hydrodynamic 
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behavior of the “large” spherical-cup bubbles in question, some other 
factors may be involved. A detailed discussion of some of these factors in 
relation to gas-liquid mass transfer is given by Calderbank (Cla). 

The time dependence of the transfer coefficient is closely related to the 
observed decrease of the transfer coefficients per unit height with increasing 
column height (B11, El, G12, P2), and undoubtedly introduces a significant 
error in the determination of end effects by the variable-column-height 
technique. 

2. Transfer Coeficients Outside Circulating Drops 

Internal circulation is generally assumed to cause thinning of the outside 
boundary layer, thus increasing appreciably the transfer rate between the 
drop and the ambient fluid (B12, G3). In other words, because of the mobility 
of the interface, a smaller velocity gradient exists near it that results in larger 
convective heat transfer. Rumscheidt and Mason (R8) proved the dependence 
of the streamlines outside and inside spherical drops undergoing laminar 
shear flow on the viscosity ratio of the fluids. As the exact velocity profiles 
for normal flow conditions are unknown, the solutions for the transfer rate 
that account for this effect are only approximate. 

Johnson et al. (B12) followed Friedlander’s (F2) solution based on the 
Stokes velocity profiles around solid particles, and numerically calculated the 
external coefficients for NRe < 1. Only a slight difference in the Nusselt 
number was observed when the velocity profiles of Stokes and Hadamard 
were postulated. These calculations showed that the transfer coefficient ratio 
of drops and solids increases from 1 for (Npe)c = 1 to 3 for (&JC = lo4. In 
the absence of oscillation, similar results may be expected at moderately 
higher Reynolds numbers (CI , H3). 

The solution for low Reynolds number (or “creeping” flow), (NRe)c < 1, 
and high Prandtl numbers, i.e., NPe 9 1, was analytically derived by Levich 
(L8, p. 404). The approximate streamline is given as 

(I/ = u,R(r - R )  sin’ 4 (1 6) 

When us,  the velocity at the drop’s equator, is taken as 21p,/2(pc + p,,), the 
Nusselt number is 

A similar equation is suggested by Griffith (G21). Experimental confirmation 
of Eq. (17) is reported (L8). Some other proposed solutions are given in 
Table I11 and compared graphically in Fig. 7. 
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No exact analytical solution for heat transfer to drops at (NRe)= > 1 is 
possible at present. However, some approximate solutions are possible, 
depending on the degree of motion postulated for the fluid interface. For the 
Reynolds number range 10 < NRe < 30 and NPe % 1 ,  Hamielec and Johnson 

N 
PeC 

FIG. 7. Comparison of equations for outside Nusselt number (Table 111). 

(H3) obtained functional approximations for the velocity components by 
assuming a trial stream function in the Navier-Stokes equations and evaluat- 
ing the undetermined coefficients from the boundary conditions using the 
method of residuals. Their relationship can be presented in the form of 

("Jc = 1.13f(NPe)0.5 ( 17a) 

Recurrence formulas related the higher coefficients in the original stream 
function to their respective first coefficients, and these were given graphically 
as a function of the Reynolds numbers, up to 30. An extension of this solu- 
tion to NRe = 70 was subsequently given (graphically) by Baird and Hamielec 
(Bla). Some of the other proposed solutions are summarized in Table 111 and 
compared in Fig. 8. 
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The theoretically simplest approach is to assume that no external boundary 
layer exists, thus obtaining the highest average values for the external transfer 
coefficients. Experience proves this assumption to hold for many important 
practical applications (D8, H8, H13, W3, and others), where the Reynolds 
number and viscosity ratio pc/pd are high. Boussinesq (B10) was the first to 
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FIG. 8. Comparison of equations for outside Nusselt number (Table 111). 

apply potential flow in solving forced convection heat transfer and, recently, 
Ruckenstein (R7) applied it in determining heat-transfer coefficients at the 
interface of growing vapor bubbles. With certain simplifying assumptions, 
the well-known equation for steady-state heat transfer is obtained : 

("u)c = 1*13(NPe):'5; NPe 9 1 (18) 

By modifying Boussinesq's transformation to allow for unsteady state, the 
time-dependent temperature distribution in potential flow past a spherical 
bubble was recently obtained (B6) numerically. For low Peclet numbers 
(2 < (NPe)= < loo), where the conduction contribution cannot be neglected, 
graphical integration of the steady-state temperature profiles yields approxi- 
mately 

N 1.25(Np,)2.5 ; 2 < Np, < 100 (19) 
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We note that Higbie’s penetration theory (H15), with contact time 
assumed as that required by the drop to traverse a distance of one diameter 
(W6), gives an expression identical with Eq. (18). Although potential-flow 
theory, unlike the penetration theory, takes interfacial acceleration into 
account, the two are actually physically identical, both being based on diffu- 
sion into an element of fluid sliding over the constant-temperature interface. 

Conkie and Savic (C5) proposed a correction factor for the presence of a 
boundary layer by introducing a velocity factor K,  defined as the ratio of the 
true interfacial velocity and potential-theory velocity, and dependent on the 
Reynolds number and viscosity ratio (Fig. 9). In their view, the boundary 
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FIG. 9. The ratio K ,  of the speed with which the interface between a drop and surround- 
ing fluid moves to that speed with which the interface would move if the fluids were ideal 
(G21). (Courtesy of Chemical Engineering Science.) 

layer velocity around the drop varies by a factor of (1 - Ku)0.5, with K, 
tending to zero at very low Reynolds numbers and to 1 at high Reynolds 
numbers. Griffith (G20, G21) extended this approach and incorporated the 
velocity factor in his equations for both slowly and rapidly circulating drops. 
The suggested equation for rapidly circulating drops is 

where the constant “ 2 ”  was artificially introduced to allow for the lowest 
theoretical Nusselt number in a stagnant medium. With K, = 0.53, one 
obtains Eq. (111-14). A basically similar relationship was obtained by Chao 
(C4a) who applied boundary layer theory to flow around circulating fluid 
spheres by considering viscous effects as a perturbation on potential flow. 
Comparison of his expression for the Nusselt number with Eq. (20) yields 

K, = 1 - 1.43(NR,);”2 P a )  

applicable for 100 < (NR& < 1000. A more accurate expression, including 
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the viscosity ratio, is given by Lochiel and Calderbank (L18): 

Solutions for the transfer coefficients around axisymmetric bodies of 
revolution (oblate and prolate spheroids and bubbles with spherical cups 
shapes) in potential flow were also reported (L18) and related to experiment 
(Cla). 

The maximum possible continuous-phase heat transfer coefficient obtain- 
able for nonoscillating drops was suggested by Elzinga and Banchero (E2). 
Their equation is based on the maximum heat transfer to a solid sphere, 
calculated in the vicinity of the front stagnation point. Applying it to drops 
with internal circulation they obtained 

W N J c  = 1.96(NPe)Y (21) 

As mentioned previously, Terjesen et al. (B13, T3) attribute the high 
transfer coefficients characterizing circulating drops, in contrast to non- 
circulating drops, to their relatively higher velocities. Thus circulation is 
associated with higher drop velocity, and accordingly with higher Reynolds 
numbers and higher transfer rates. They also showed that the effect of inter- 
facial turbulence (or “ interfacial agitation”) is rather small compared with 
that of velocity. The higher coefficients are attributed to hydrodynamic 
disturbances in the unstable boundary layer and the vortex formed behind 
the moving drop. Thus, “in contrast to the solid spheres above a certain 
Reynolds number, most of the transfer takes place at the rear of the drop” 
where the boundary layer is unstable and undefined, and turbulence exists. 
Terjesen’s data are in good agreement with Garner’s equation (111-16) where 
the exponent of the Prandtl number is 0.42, as well as with his own (111-17) 
where the exponent is 3 ;  this also indicates that drop viscosity (in the range 
0.6-1.7 cP) has very little effect on the external transfer coefficient. 

Drop oscillation was found to increase the rate of mass transfer by a factor 
of two (G9) to four (S13), unlike gas-liquid systems (C6), due probably to 
reduced external resistance (G12). Oscillation usually sets in at Reynolds 
numbers between 150 and 200, bringing about a higher power than + for the 
Reynolds number (G12, L13, C7), which is consistent with Eq. (6). Oscillation 
of the wake, setting in at about the same Reynolds number (200), was found 
to have a similar effect on the rate of transfer ((312). Oscillation effects are 
of importance in systems with a low-viscosity continuous phase, where 
Reynolds numbers higher than 200 are obtained. Oscillation is also stronger 
in systems with low interfacial tension and low viscosity of the dispersed 
phase (G12). For circulating and oscillating drops Garner suggests the 
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following empirical equation: 

The maximum deviation of the experimental data in the range of 150<(NR,), 
< 700 was reported as 12% 

3. Transfer Coeficients Inside Circulating Drops 

The equations of fluid motion inside and outside a circulating drop under 
viscous flow regime were solved by Hadamard (H2) and Rybczynski (R9) in 
1911, and are quoted in hydrodynamics textbooks (L2). The complete 
derivation is also repeated by Levich (L8). Although Hadamard’s stream 
functions are strictly applicable to the viscous region only, visual observa- 
tions (G10, S18) indicated that the function approximates actual flows 
(E2, H3). Hadamard’s stream function inside the drop, as given in polar 
coordinates with the origin at the center of the drop (K5), is 

Kronig and Brink (K5) used the Fourier-Poisson equation to derive 
equations for the temperature distribution and heat transfer inside a drop 
with internal circulation described by Eq. (23). Assuming that diffusion is 
negligible along internal streamlines and that the isotherms at any particular 
moment coincide with the streamlines, and disregarding external film resist- 
ance, they obtained the following equation for the transfer efficiency : 

The constants A,  and eigenvalues A, were recalculated more recently by 
Elzinga and Banchero (E2), who also determined them for various external 
film resistances. Their data are summarized in Tables A-I1 and A-I11 in the 
Appendix. 

Danckwerts (DI) has pointed out that Eq. (24) is not as limited as 
originally implied; this is evident from many experiments (CI, Table I) with 
Reynolds numbers up to 2000 under oscillation-free conditions. A simpler 
empirical equation (Eq. IV-6, Table IV) in close agreement with Eq. (24) was 
suggested by Calderbank and Korchinski (Cl). A graphical comparison of 
Eq. (24) with Eq. (IV-6) and Eqs. (8)-(10) is shown in Fig. 10. Kronig and 
Brink’s solution gives heat-transfer coefficients about 1.5 times higher than 
the solid drop model, corresponding to an effective diffusivity 2.25 times 
larger than the molecular diffusivity. This is to be expected, as their model in 
effect implies reduction of the drop diameter (by about half) to a size charac- 
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teristic of the circulation pattern (H5). Since Kronig and Brink's stream lines 
are closed loops, the transfer rate calculated by Eq. (24) is independent of the 
circulation velocity. 
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FIG. 10. Equations for diffusion into stagnant and circulating drops (Cl). 

Handlos and Baron (H5) proposed another model for the more practical 
range of Reynolds numbers (about 1000). They assumed that the tangential 
motion caused by circulation is combined with an assumed random radial 
motion caused by internal vibration, and determined the eddy diffusivity a, 
subsequently used in solving the appropriate Fourier-Poisson equations. 
They postulated radial stream lines, as shown in Fig. 11, rather than those 
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FIG. 11. Comparison of drop-circulating models. 

derived by Hadamard. Using probability functions, Kronig and Brink's 
average circulation time, and Einstein's equation to correct the mean-square 
deviation for a given time to the effective diffusivity, they obtained 

c(, = (Npe')d - (602 + 8w i- 3) 
2048 
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where 

w =4r/D,  and r is the radial distance from the center of the circulation torus. 
Using the first eigenvalue only, the transfer efficiency of Eq. (IV-7) is con- 
veniently reduced to 

ct,o 
-5.62 x 10-3(Npe,) 

R 

The internal Nusselt number is given (H5) by 

(NNu), = 0.00375(Nper), (28) 

Their experimental data are in agreement with the theoretical values within 
20%. Extension of Handlos and Baron’s model to include surface resist- 
ance was recently proposed by Welleck and Skelland (W4a). 

If potential flow and constant surface temperature are assumed, an 
equation analogous to Eq. (18) is obtained for the internal Nusselt number. 
Note, however, that the reference velocity in the internal Peclet number is the 
drop velocity. Similar results will be obtained from the penetration theory, 
according to which the film is assumed infinite with respect to the depth of 
heat penetration during the short contact time of a fluid element “sliding” 
over the interface. Licht and Pansing (L13) report West’s equation, based on 
the transient film concept, for the case of mass transfer through the combined 
film resistance. In terms of the overall heat-transfer resistance, 1 jU  
(= l /h,  + l/hJ and if the contact time is that required for the drop to traverse 
a distance equal to its diameter, West’s equations yield 

where 

For negligible drop-side film resistance, 
approaches ctt/’. For negligible continuous 
ci,/c(, 9 1, and 

An experimentally convenient technique 
approaches ct:I2. 

U = h, ,  GI,/c(, -4 1, and &I2 

side film resistance, U = h,, 

for relating internal transfer - 
coefficients is based on applying an experimental factor 8, the effective 
diffusivity factor, to the rigid-drop equations. R is the ratio of effective and 
molecular diffusivity in a stagnant drop. Equation (IV-8), in effect, defines 
the R factor. ranges from 1.6 to 3.3 circulating drops at moderate Reynolds 
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numbers and up to 70 for moderate and high Reynolds numbers, in the 
presence of drop oscillations (Cl). 

The experimental effective diffusivity factor should normally approach 
the value of 2.25 calculated by Kronig and Brink (K5) at low Reynolds 
numbers. For drops with “ turbulent” circulation described by Handlos and 
Baron’s model, R is given (52) by 

R = (Npe.),,/2048 (30) 

In practice, lower values than those calculated according to Eq. (30) are 
found for intermediate Reynolds numbers, only approaching them in the 
presence of oscillation. A compilation of experimental R factors is available 
(Cl). The experimental effective diffusivity in gas absorption with internal 
circulation has been plotted against the axial velocity representing the flow 
adjacent to the interface (G7), and shows a direct relation between circulation 
and internal resistance. Similar results are reported (C6) for other gas-liquid 
and liquid-liquid systems. 

Constan and Calvert (C6) recently proposed a theoretical equation for the 
effective diffusivity, as a function of the transfer efficiency and of a pseudo- 
film-thickness dependent on circulation velocity. However, no correlation 
between the film thickness and the Reynolds number yet exists. Use of this 
theoretical equation necessitates measurement of the circulation velocity, 
which does not simplify matters. 

The various equations derived for the transfer efficiency are summarized 
in Table IV. The equations for the rigid-drop model are included for com- 
parison. 

IV. Heat Transfer to Drops Moving in a Continuously 
Varying Temperature Field 

A. SINGLE-DROP STUDIES 

Compared with the large volume of work dealing with drops at constant 
temperature (or concentration), very little has been reported on single drops 
moving in a variable temperature (or concentration) medium. A variable 
temperature, with an approximately linear temperature gradient, was used 
by Wakeshima (WI, W2), to study the limit of superheat of pure liquid 
drops. However, since drop temperature could not be measured, his data 
cannot be used for determination of heat-transfer coefficients. 

An interesting study on the effect of continuous longitudinal temperature 
gradient at the surface of a droplet on its flow characteristics is given by 
Young et al. (Y 1). Under these conditions, droplets (and bubbles) were shown 
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to move in the direction of their warmer poles. “ Small bubbles are attracted 
by hot objects.” 

The internal heat-transfer efficiency for a rigid drop with zero external 
film resistance, moving at a constant velocity in a fluid under linear tempera- 
ture change along the drop path, can be shown (C4) to be 

For a rigid drop (with a finite external film resistance) moving in an 
arbitrary but continuous temperature field of the continuous phase, following 
Barbouteau’s (B3) model, the internal heat-transfer efficiency (S8) was found 
to  be 

where Tc0 is the average temperature of the continuous phase at its outlet (or 
at the same cross section where Ti, the inlet drop temperature, is measured), 
2 the column height (or distance traversed by the drop), and 

The eigenvalues An may be calculated from 

3B + EL,’ 
3B + ( E  - 1)A: * An 

tan 1, = 

where 

The continuous-phase temperature T,, at any cross section of the column 
may be determined from the following equation: 

m 
Tcz - Tco = 6 8  Cn[l - exp(-R,’SZ/R)] 
Tco - Ti n = t  

(33) 

For gas oil dispersed in water, with the external film-transfer coefficient taken 
as 25 Btu/hr/ft’/”F, the first two eigenvalues are 1, = 2.07 and A z  = 2.07 + 7~ 

033). 
In spite of the reported agreement of the derived equation with experi- 

mental data of a gas-oil-water spray column (B3), modification for actual 
spray columns is indicated. Actual velocities and contact areas per unit 
volume are functions of the dispersed phase holdup and should replace the 
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single-drop terminal velocity and contact area used in the above derivation. 
Also, Elgin’s (B7, W4) rather than Hayworth’s (H12) correlation for drop 
diameter seems advantageous (L5). 

B. COUNTERCURRENT SPRAY-COLUMN HEAT EXCHANGERS 

High liquid throughputs, large contact area per unit equipment volume, 
and relatively inexpensive operation as well as relatively low equipment costs 
encourage the use of countercurrent spray columns as direct-contact heat 
exchangers. Spray columns are almost as efficient as packed columns, when 
one is working with systems of low interfacial tension, due to the small drops 
formed. For work with high-surface-tension systems, packed beds are con- 
siderably more efficient (S17), although their operation is usually more 
expensive compared with spray columns. A schematic diagram of a spray 
column is shown in Fig. 12. 

COILS 

COOLING 

-! 
INTERFACE 

7‘ 
$I level 

FIG. 12. Schematic diagram of spray column. 

The numerous variables involved in spray-column exchangers have 
hitherto defied even approximate engineering correlation. Collation and 
adaptation of the information and experience accumulated in mass-transfer 
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and fluidization studies is highly desirable. Also, further basic experimental 
studies under closely controlled conditions are needed to determine inter- 
relationships of the various factors affecting the flow characteristics as well 
as the heat-transfer phenomena. Nevertheless, in spite of certain reservations 
and contradictory evidence, some important general characteristics emerge to 
guide future applications of this promising mode of heat transfer. 

Heat-transfer data are normally reported in terms of the volumetric heat- 
transfer coefficients, defined as 

where q is the amount of heat transferred between the phases in the column 
per unit time, V the total column volume, and (AT),, the log-mean average of 
the measured temperature differences between the two phases at the inlet 
and outlet. Some workers use the plate or transfer unit, HTU. For the con- 
tinuous phase the relationship between the volumetric heat transfer coefficient 
and the apparent height of the transfer unit, based on the over-all resistance 
to transfer between the phases HTUoc, is given by 

where G, is the superficial velocity of the continuous phase. 

given by 
For spherical drops, the total transfer area per unit column volume is 

A 6F 

where F is the holdup ratio, i.e., the ratio of the dispersed phase volume and 
the total volume of the column. Thus the obvious relation between the volu- 
metric and the surface heat-transfer coefficients is 

6 F  
D 

u,=-u 

As is expected intuitively, the surface heat-transfer coefficient decreases with 
increasing dispersed-phase holdup (GI 3). This is probably due to the impeded 
flow characteristics, decreasing internal circulation and possible obstruction 
of the interfacial area by closely packed drops. Under normal operating 
conditions (up to the flooding point) the increase of A / V  is appreciably larger 
than the decrease of U with F. Denser packing and therefore higher holdups 
yield higher volumetric heat-transfer coefficients. 

Sakiadis and Johnson (Sl)  have proposed a general equation for flooding 
rates. With water as the continuous phase (p = 1 cP) their equation for the 



240 SAMUEL SIDEMAN 

dispersed-phase superficial velocity reduces (T2) to 

where D is measured in feet and g = 4.17 x lo8 ft/hr’. 
The column should operate at maximum efficiency when the transfer 

coefficient is infinite, or else when the temperature gradient is the same for 
the two ends (or two phases). Thompson et al. (T2) suggested that the ratio 
(AT‘)d/(AT)c = 1 ; hence, one should use 

to obtain highest operating efficiency. They proposed an elaborate column 
design procedure which takes into account the change of heat capacity with 
temperature, in the column. 

In general, at any given dispersed phase flow rate, the volumetric heat- 
transfer coefficient is only slightly affected by the continuous-phase flow rate. 
However, since holdup, flooding, and volumetric transfer coefficients are 
functions of the flow rate ratio (Gd/Gc), different continuous-phase rates give 
different flooding conditions resulting in different values for the maximum 
volumetric coefficients. Once “ optimal ” (“ near-flooding ”) conditions are 
reached, an increase of the dispersed-phase flow rate will cause larger drops 
to be formed and coalescence to set in, thus drastically reducing the transfer 
coefficients. It is therefore expected that the transfer coefficients should be 
some function of the flow ratio or the holdup, for any given system, and this 
indeed has been found experimentally. 

The relationship between holdup and slip (relative) velocity between the 
two phases is, by definition, 

(Gd/Gc) = (cpp)c/(cpP)d (38) 

Gc Gd 

1 - F  F 
E=- +- (39) 

The slip velocity applies strictly when the two phases are in plug flow; higher 
slip velocities may be encountered, in practice, under nonideal flow conditions. 

Relations between slip velocity, holdup, and drop diameter, from the data 
of Letan and Kehat (L5) for a 3-in. column (kerosene-water system), are 
illustrated in Fig. 13. The increase in drop diameter with increasing holdup 
and decreasing slip velocity has some effect on the transfer area per unit 
volume, which nevertheless increases with decreasing V, . Volumetric transfer 
coefficients increase correspondingly. 

It is evident from Fig. 13 that, as flooding (or rather “near flooding”) is 
approached, the drop diameter for a given fluid system is then a function of 
flow rates, holdup, and temperature, rather than of the orifice diameter.3 

Holdup is independent of orifice diameter, but dependent on dispersed-phase flow 
rate [Ql]. 
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This case is thus in agreement with the findings of Thompson et al. (T2), that 
for a given two-fluid system "heat transfer is practically independent of 
orifice diameter." This conclusion, though it may apply for the 0.04- to 
0.064-in. nozzles tested by Thompson et al., is subject to reservation for larger 
diameters. The extensive study of Minard and Johnson (M5) reveals a rela- 
tively small but appreciable effect of nozzle diameter over the range from 
0.04 to 0.86 in. 
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FIG. 13. Relationship between drop diameter, holdup, volumetric heat-transfer area, 
and slip velocity. 

Spray-column heat exchange work is summarized in Table V. A brief 
review of these studies, with some general conclusions, follows. Some of the 
data for benzene, toluene, and water systems are compared in Fig. 14. 

Garwin and Smith (GI 3) undertook an extensive study of a spray column 
with benzene dispersed in water, and determined overall heat-transfer co- 
efficients as a function of holdup and phase velocity. Drop size was found to 
be independent of the water flow rate, and predictable by means of Hayworth 
and Treybal's equation (H12). However, this may not be true near the 
flooding point, where relatively few runs were made. The volumetric heat- 
transfer coefficient increased moderately with increasing water flow rate 
(except at the high benzene flow rates, where the observed increase was very 
high) and with benzene flow ratio and holdup. Statistical treatment of their 
results (T2) yields 

U ,  = 1.09 x 104P (hot water to benzene) (40) 

U ,  = 1.67 x 104P (hot benzene to water) (41) 

where U,  is in Btu/hr/ft3/"F. The average drop diameter was 7.34 mm for 
hot-water runs, and 6.71 mm for hot-benzene runs; this difference accounts 
only partially for the difference in volumetric transfer coefficient, which is 
inversely proportional to the drop diameter (T2). 
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Rosenthal's earlier work (R5) with toluene dispersed in water is reported 
by Treybal (T6) as a plot of HTU,, vs (Gd/Gc), yielding, for thirteen nozzles 
each 0.281 in. i d . ,  

HTUoc = 6.2(Gc/Gd)"04; or u, = 4.28G'"7(Gd/G,)'.'3 (42) 

HTUoc = 4.4(G,/Gd)1.'5; or U ,  = 5.25G'.'7(Gd/G,)1~'3 (43) 

and for 71 nozzles each 0.120 in. i.d., 

Gd'GC 

FIG. 14. Comparison of some spray-column heat-exchanger data. 

The overall volumetric transfer coefficient is apparently independent of 
the continuous-phase flow rate over the range investigated.* The ratio 
Gd/G, =2.87 is recommended (T2) for maximum efficiency of this system. 

Woodward (W12, T2) studied the operation of single, sectionalized, and 
double-column exchangers. Shell Fluid A and Shell Deodorized Spray Base 
were dispersed in water and in sea water. Data reported for the Fluid A-water 
system in a single column are summarized in Table V. From these, the de- 
pendence of the overall heat-transfer coefficient on dispersed-phase holdup 

* Similar results were recently reported for six perforated plate-column (SO) (In press). 
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is approximately 

u, 1.2 x 1 0 4 ~  (44) 

for (G,/G,) =2.5, the maximum efficiency ratio for the system. 
No appreciable effect of column height (5 ft 4 in. to 8 ft 8 in.) on the 

transfer coefficient was noticed. Sea water and fresh water gave similar 
results. Contrary to Garwin’s experience, the heat-transfer coefficients were 
found to be larger when the top of the column was hot than when the top was 
cold. With G,/G, = 2.58 and F = 0.6, values of 8180 and 7030 Btu/ft3/hr/”F 
for hot and cold top, respectively, were obtained with spray base as the dis- 
persed phase. The maximum values of the volumetric heat-transfer coefficient 
were 11,500 and 8500 Btu/ft3/hr/”F for the hot and cold top, respectively. 
These results probably reflect the natural convection currents in the column 
as well as with the very pronounced effect of fluidity of the oil on the volu- 
metric heat-transfer coefficient (W12, Fig. 12). Since Garwin worked with 
benzene, it is likely that this fluidity effect would have been relatively less 
pronounced in his experiments. 

The question of the effect of direction of heat flow between the phases on 
the transfer coefficients is intriguing. Evidently the results obtained are 
subject to at least three different effects, possibly mutually counteractive. 
These are internal natural convection, over-all natural convection currents in 
the column, and temperature effects on the properties affecting the local 
transfer coefficient. Johnson et al. (J3) worked with the heavy phase (carbon 
tetrachloride) as the dispersed phase, and found the heat-transfer coefficient 
to be higher when the dispersed phase was the hot one; this result is attributed 
by Johnson to the temperature effect on the boundary layer surrounding the 
drop. There is no contradiction, however, between Johnson’s and Woodward’s 
results, if the direction of heat flow in the towers, rather than between the 
phases, is considered. In both studies, higher transfer coefficients were found 
when the top of the column was hot, indicating a better transfer coefficient 
when the towers operate in their natural heat-flow direction. Reverse opera- 
tion would most probably increase backmixing due to natural convection 
currents in the column. The larger differences in transfer coefficient for the 
two arrangements in Johnson’s work, as compared with Woodward’s, seem 
to indicate the existence of a small additional effect of the direction of heat 
flow as between the dispersed and continuous phase. 

Because of his relatively larger differences in drop diameter, Garwin’s 
results cannot be properly considered here. They conform with the concept 
that internal natural convection currents enhance the mobility of the interface 
which nevertheless fail in the light of Johnson’s as well as Woodward’s 
experimental results. The question is obviously open, and the need for con- 
trolled experiments under identical temperature and flow conditions is 
indicated. The theoretical study of Young et al. (Yl)  on the motion of bubbles 
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TABLE V COMPARISON OF So! 

Direction Column Nozzles 
Dispersed Continuous of G C  

No. phase, d phase, c transfer Diameter Height Nc. i.d. (in.) (ft3/hr/ft 

d - t c  2,, 6' 20(?) 0.125 65-27 
c + d  1 Benzene Water 

13 0.281 147-59 
0.12 122-53 2 Toluene Water c - t d  5.375" 10"" 71 

3 Water c - t d  
d + c  

4 8' 21 0.228 
93-64 
93-61 

Shell Oil A Water c + d  4" 5'8.5" 189 0.064 65-76 

Oil "'> Water } + } 4" 5' 4-8 '  8" 104-450 0.0625-0.04 40-86 
4 Spray base Sea water - t C  

c - + d  4" 450 0.04 52 
6' 204 0.064 52 d + c  Spray base Water 

5 Gas-oil Water d +  c 1'3.7" 13'1" 70 0.315 52-18 

6 Kerosene Water d - t c  3" 6'11" 30 0.06 45-16 

295-88 
0.0225-0.189 148 

1" 1'1.25" 73-1 
+ 2" 1'7.375" 113-9 7 Mercury Water 

1 r 6t,b 

8 Benzene Water c + d  2" - 6 2 x  g b  0.127 20 
8 

a Also Aeroshell Turbine Oil and AMSCO Odorless Solvent (T2). 
* 8 sieve-plates in column. 

or  droplets in a vertical temperature gradient due to surface stresses should 
also be considered in this connection. 

The study of Pierce, Dwyer, and Martin (P3) on heat transfer and fluid 
dynamics in mercury-water spray columns serves to illustrate some of the 
factors which may greatly reduce the efficiency of spray-column operation. 
Backmixing was observed at the water inlet region, and water bypassed the 
stream of mercury drops in the column, resulting in two countercurrent 
streams of water flowing inside the column. This greatly increased the water 
temperature in the water-inlet region, and reduced the allowed temperature 
gradient in the column. The heat-transfer coefficients per unit area were thus 
found to be smaller than those calculated for stationary rigid spheres in  a 
flowing constant-temperature medium. However, the differences between 
calculated and experimental values decrease with increasing Reynolds 
number from ten-to-one ratio (20/2) of the Nusselt number at (NRJc = 500 
to a 1.5 ratio (45/30) at = 3000. Experiments were conducted at  
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RAY-COLUMN HEAT-TRANSFER STUDIES 

Gd F U u V x  1 c r 3  HTU,,, 
ft3/hr/ft2) (Holdup) (Btu/ft3/hr/"F) (Btu/ft3/hr/"F) (ft) Source 

0.08-0.74 40-70 1-6.5 - Garvin and Smith 
45-185 0.04-0.36 30-50 0.4-4 (G13) 

43-260 < 0.275 < 
60-3 17 - 

Max 32-250 
32-250 

Rosenthal (R5, T6) 
1.3-5.6 2.5-70 
1.2-6.3 1.5-40 

- Johnson et al. (53) 
0.1-0.75 
0.1-1.08 

160-186 0.20-0.56 2.7-6.0 
Woodward (W12) - 5.9-11.5 

5.2-8.5 Thompson et al. (T2) 
8.18 

118-202 0.48-0.72 - 
135 0.60 
135 0.60 7.03 

52-204 ? 14-34 0.26-1.26 - Barbouteau (B3) 

Letan and Kehat (L5) 110-240 0.20-0.35 20-50 0.5-7.0 - 
140-355 0.025-0.07 400-1 170 16-48 

- Pierce (P3) 64-100 0.007-0.01 1 520-760 8.1-12.7 

16-66 0.134.40 30-60 1.5-5.7 0.2-0.8 Gardner (GI) 

numerous combinations of column diameter and length, and number and 
diameter of nozzles, without yielding any general correlation. The effects of 
water flow rates, column diameter, height of top calming section, and mixing 
in the top section appear slight; variation of the volumetric heat-transfer 
coefficient with drop size were found to be less than expected due to increased 
mercury surface area. However, the transfer coefficients for a 19-in. column 
were found to be about 20% lower than those for a 13-in. column, demon- 
strating the peculiarity of the flow patterns in this experimental system. 

Backmixing or longitudinal dispersion of either phase reduces the transfer 
efficiency in the column. A theoretical study involving a numerical solution 
with efficiency related to backmixing, was presented by Sleicher (S16). A 
comprehensive study of some general and specific cases of longitudinal dis- 
persion was recently reported by Miyauchi and Vermeulen (M6). Analytical 
solutions and graphs are presented (M6) relating the various parameters 
affecting this phenomenon. In practice, backmixing is mainly associated with 
the continuous phase and increases with the decrease of the latter's flow rate. 
Backmixing is especially pronounced in the continuous-phase inlet region 
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and was found ((314) to be almost independent of continuous-phase inlet 
nozzle and column design. In general, the denser the packing of the dispersed 
phase and the higher the flow rates in the column, the lower the effect of 
backmixing and the higher the rates of heat transfer. Swirling motion of the 
dispersed phase at the inlet region of the latter was also noted (Fl) when 
operating near the flooding point. For additional details see Section VI,A. 

The operation of an industrial-size gas-oil-water spray column (13 ft high, 
1.3 ft diam) was reported by Barbouteau (B3). The relatively low overall 
heat-transfer coefficients calculated from his data, up to 1250 Btu/ft3/hr/"F, 
seems to suggest operation at relatively low holdup. Umano (UI) studied 
spray column in the course of his work on direct-contact freezing units for 
water desalination. 

Li (L10) and Gardner (GI) studied the effects of pulsation and of log- 
mean temperature gradient on heat transfer between benzene and water, in an 
eight-plate pulsed column. Their data do not reveal any advantage of a 
multiplate column over the conventional single-plate one. No effect of pulsa- 
tion was noticed up to pulsating rates of 600 ft/hr, above'which the transfer 
coefficients decreased appreciably. This contradicts the results obtained in 
mass-transfer studies, where better transfer coefficients are obtained through 
pulsation. It is of interest to note that a slight increase occurred in the surface 
transfer coefficients with increasing dispersed-phase flow rate; this may be 
attributed to increased agitation and oscillation of the drops in the multiplate 
column. 

Dispersed-phase holdup, and hence the volumetric heat-transfer co- 
efficient, is greatly affected by the presence of physical impurities. Recent 
experiments carried out in these laboratories (L5), with kerosene dispersed 
in water, elucidated the effect of dirt and scale which accumulate at the upper 
oil-water interface. This foreign matter greatly increases the rate of dispersed- 
phase coalescence at the dirty interface, and inhibits dense packing of 
droplets, thus greatly reducing the dispersed-phase holdup. With water 
flowing at a rate of 3.2 ft3/hr/ft2 and kerosene at a rate of 7.0 ft3/hr/ft2, the 
volumetric transfer coefficients for clean and dirty interfaces were 4800 and 
1800 Btu/ft3/hrpF, respectively. The presence of scale may explain the rela- 
tively low transfer coefficients obtained by Barbouteau (B3), who used similar 
fluids in his large-scale experiments. Continuous removal of the sludge from 
the upper interface is required to eliminate this effect (T2). 

C. COCURRENT HEAT EXCHANGERS 
The related studies on direct-contact cocurrent heat transfer are of prac- 

tical interest. Grover and Knudsen (G25) determined the rate of heat transfer 
between a petroleum solvent and water, using a pipe of 8-ft length and 1.5-in. 
i.d. Three methods of solvent injection were compared; better dispersion 



TABLE VI 

COCURRENT PIPE HEAT EXCHANGERS 

Pipe 

Dispersed Continuous Length Diameter Wd w, G,'X 10-6 U,X 10-3 
phase phase (ft-1 (in.) (Ib/hr) (lb/hr) (Ib/hr/ft *) (Btu/hr/ft 3/0F) Source 

3 
!2 
E 
i5 

(P5) E 

Petroleum solvent Water 8 1.5 1470-3100 -7300 0.2-0.8 5-50 Grover and Knudsen 
m (G29  

Water Aroclor 15 3 - - 1.5-2 15-50 Wilke et al. (W 10) 

Water Oil" 4.5-11.2 0.3-3 - - 1.4-5.5 20-250 Porter 
<, 
E 

90 Neutral oil, s 
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gave higher volumetric transfer coefficients, showing the latter to be a function 
of the total mass flow rate of the liquid. For a perforated injector, with flow 
rate ratios 0.27 < G,/G, < 5, the relation is 

U, = 1.115 x 10-3G;!.26 (45) 

where GT' is the total mass flow rate in lb/hr/ft2. Values ranging from 5000 to 
50,000 Btu/hr/ft3/"F were obtained for total mass flow rates of 0.2-0.8 x lo6 
lb/hr/ft2 (2500-10,000 lb/hr). As one might expect, higher values were calcu- 
lated for the mixing section only, which was about 3.74 ft long. 

Similar experiments were reported by Wilke et al. (W10) who studied 
water injected into Aroclor in a 15-ft 3-in. pipe. Wilke's data also do 
not indicate any effect of temperature and physical properties on the volu- 
metric transfer coefficients, and can be correlated in terms of the total mass 
flow rate, namely, 

Values in the range of 15,000-50,000 Btu/hr/ft3/"F were found for flow rates 
ranging from 1.5 to about 2 x lo6 lb/hr/ft2 (73,000-90,000 lb/hr). However, 
more recent data for turbulent oil-water pipe flow (P5), is in general agree- 
ment with Grover and Knudsen's data for the mixing section. Tempera- 
tures of the two liquids in the pipe were obtained by monitoring the output 
of fine thermocouples on a very fast response recorder. Effects of volume 
fraction, velocity, pipe diameter, interfacial tension, and viscosity on U, are 
reported (P6). General comparison of available data is given in Table VI. 

Pipe exchangers seem to give higher volumetric transfer coefficients than 
spray columns, mainly because of better atomization of the dispersed phase, 
which yields appreciably higher transfer areas per unit equipment volume. 
Adaption of the cocurrent mixer-settler type contactor for heat transfer 
between immiscible liquids has recently been suggested (H5a). By using two 
such liquid-liquid contactors and a third immiscible fluid as the transfer 
agent, as shown in Fig. 15(a,b) heat can be similarly transferred between two 
miscible fluids, flowing countercurrently to each other. However, this mode 
of operation is associated with emulsion formation, contamination, and some 
losses, and large settling equipment may be required. In practice, economic 
consideration should guide the choice between parallel-flow and counter- 
current exchangers. 

U ,  = 2.38 x 10-23Gk4.336 (46) 

V. Heat Transfer t o  Drops and Bubbles with Simultaneous 
Change of Phase 

Work on direct-contact heat exchangers was stimulated in the last decade 
by the quest for economic water-desalination units. Multiphase exchange, 
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where latent heat is transferred between the immiscible fluids, has been 
effectively used in direct-contact freezing units in which a dispersed volatile 
fluid evaporates in the saline water with simultaneous freezing of part of the 
water. The leaving vapors are then brought in contact with the withdrawn ice 
in another unit where condensation and melting occurs simultaneously 
(Fig. 15c). 

In addition to the advantages seen in the two-phase liquid-liquid ex- 
changers, utilization of a secondary refrigerant as a transfer agent in the 
direct-contact multiphase exchangers permits (S12) : (a) an economical closed 
refrigeration cycle ; (b) smaller quantities and lower flow rates of the cooling 
liquid ; (c) larger, more effective, heat transfer areas; (d) convenient separation 
of the fluids in contact; (e) higher (by an order of magnitude) heat-transfer 
coefficients; (f) lower corrosion due to lower working temperatures. Some 
technical as we11 as economical aspects regarding the utilization of these 
multiphase exchangers were reported by Umano (U2), Weigandt (W8, W9), 
and others (Kl). 

Unlike the multiphase exchangers where both the dispersed phase and the 
continuous fluid medium undergo change of phase, three-phase exchangers 
may be used for heat transfer at  various temperature levels. The latter 
depends on the choice of the transfer fluid. Stagewise operation of three- 
phase exchangers in a closed evaporation and condensation cycle was recently 
proposed by Harriott and Weigandt (H 10a) for simultaneous cooling and 
heating of sea water and desalined water streams flowing countercurrently 
(Fig. 15d). 

A variation of the closed refrigeration cycle was suggested by Wilke et al. 
(WlO), who studied evaporation of water from sea water flowing in direct- 
contact cocurrent flow with hot Aroclor in an horizontal 341. pipe. The 
water vapors were then condensed by direct contact with cold Aroclor in a 
packed bed column. The reported volumetric heat-transfer coefficients for 
the boiling section were two to three times higher than those shown in Table 
VI for the nonboiling section. 

A general scheme for utilizing flash evaporation of a secondary refrigerant 
in water conversion by liquid-liquid water extraction from saline water was 
outlined recently (C3). 

A combination of flash evaporators, direct-contact condensers, and liquid- 
liquid exchangers has been described by Othmer (01). In this process water 
vapors, produced in a multistage flash distillation of heated sea water at 
successively reducing pressures, are condensed by direct contact with a recycle 
steam of product water. The heat is from the hot product water and is re- 
covered by an immiscible petroleum oil in one spray column and transferred 
to the incoming sea water feed in a second spray column. 



250 SAMUEL SIDEMAN 

AOUEOUS FEED AOUEOUS PHASE 
OUT 

OIL PHASE OUT 

IN p-1 
OIL FEED IN 

( 0 )  

AOUEOI 
I 
JS FEE 
N 7- , PHASE 

COOLING W A T ~  LEOLING WATER 
OUT IN 

( b )  

ICE CRYSTALS WASH 
WATER 

1 I ’  1 
I I CONDENSER 

YELTER 

FREEZER 

I c 

F E E D  
SEA WATER ICE 

WASHER 

+ BRINE 

+BRINE 

FIG. 1 5(a). Direct-contact heat exchangers using mixer-settler contactors for im- 
miscible liquids, after (H5a). (b). Direct-contact heat exchangers using mixer-settler contac- 
tors for miscible liquids using a third immiscible liquid, after (H5a). (c). Schematic diagram 
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of multiphase exchangers in direct-contact freezing process. (d). Schematic diagrams of 
three-phase exchangers: top-single-stage countercurrent spray column ; center-counter- 
current exchangers in stages; bottom-pipe evaporator and packed bed condenser. 
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FIG. 16. Pentane drop evaporating in water (S12). 

A. EVAPORATION OF DROPS IN IMMISCIBLE LIQUID MEDIA 

Although some general technical information on direct-contact heat 
transfer with change of phase is available, little is known regarding the basic 
mechanism and heat transfer coefficients encountered when a drop of a 
volatile fluid evaporates while moving in an immiscible liquid. By means of 
cinecamera studies of single butane and pentane drops evaporating in 
stagnant water, Sideman and Taitel (S12) have shown that the vapor con- 
centrates at the upper part of the drop, while the remaining volatile liquid 
concentrates at the bottom part of the spheroid-like drop. Figure 16 shows 
a pentane drop evaporating in water at various evaporation ratios. Obviously. 
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the flow characteristics of the two-phase drop approaches that of a gas 
bubble as evaporation progresses. Assuming the two-phase drop to be a 
sphere of constant radius moving in a potential flow field and the volatile 
liquid at a constant (boiling) temperature, i.e., outside film controlling, the 
authors obtained an analytical solution for the steady-state heat transfer (S12). 
Local and average heat transfer coefficients were determined as a function of 
the opening angle of the vapor phase. The average Nusselt number was 
found to be 

3 cos p - C O S ~  p + 2 0.5 ) (Np,)2.5 = C(N Pe y . 5  c (47) 
R 

where p is equivalent opening half-angle of the vapor phase in the two-phase 
"drop." Based on experimental data it is suggested that, for B = 135", or 
C = 0.27, the maximum average heat transfer coefficient per unit of overall 
drop area will be obtained. As is to be expected, the Nusselt number decreases 
with increasing 8. For p = 0, Eq. (47) reduces to Eq. (18), the well-known 
equation of Boussinesq and Higbie for flow past a sphere. 

The overall heat-transfer coefficient, related to the instantaneous total 
area of the rising two-phase drop, increases sharply with evaporation up to 
3-10 wt - % vapor content, depending on the system and conditions, and then 
decreases quite moderately until evaporation is complete. Thus it indicates 
the decreasing effect of the internal resistance to heat transfer in the first 
stages of the evaporation process, and the moderate decrease in the relative 
transfer area in the subsequent stages of the process (S12). The instantaneous 
overall heat-transfer coefficients are 200400 Btu/hr/ft'/"F for D* = 3.5 mm, 
and 500-700 Btu/hr/ft'/"F for D* = 2.0 mm. 

Evaporation ratio (m%) 

FIG. 17. External resistance controlling factor-pentane drop evaporating in water 
(S10). 
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Approximate calculations of the relative importance of the internal and 
external resistance to transfer in the evaporating drop (S10) show the external 
resistance to be controlling over more than 70% of the evaporation 
process, when expressed in terms of the vapor to total mass ratio. However, if 
the time dependence of the evaporation process is considered, the very 
beginning of the evaporation process, where internal resistance is controlling, 
is found to take up some 50% of the total evaporation time. Thus some 
exchanger volume may be saved if the volatile liquid is introduced in saturated 
state, preferably with some initial vapor content. The approximate pre- 
dominance of the individual film coefficients as function of the evaporation 
ratio and time is shown in Fig. 17, where the external resistance controlling 
factor is defined as U/h,.  The approximate individual and over-all heat- 
transfer coefficients, calculated per unit of effective liquid-liquid contact area, 
are shown in Fig. 18. Detailed studies of the initial evaporation stages of 
single drops are presently underway (P4). 

FIG. 18. Estimated individual and over-all heat-transfer coefficients-pentane drop 
(3.6 mm diam) evaporating in water ( S O ) .  
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As the heat-transfer area varies during the evaporation process, the over- 
all heat-transfer coefficient is best defined in relation to the initial drop area. 
By calculating the overall resistance to heat transfer directly from the 
temperature driving force, the total evaporation time and the total heat 
content of the drop, Sideman, Hirsch, and Gat (SI la) obtained a relationship 
between the average overall heat-transfer coefficient and the initial diameter. 
For single pentane drops evaporating in sea water, 

when 8* is expressed in Btu/hr/ft2/"F and d* is in millimeters. Direct plotting 
of the average experimental instantaneous heat-transfer coefficients (Fig. 19) 

u* = 1.05 x 104d*-0.64 (48) 

I Y 

13 

INITIAL DIAMETER, D* [mm] 

FIG. 19. Heat-transfer coefficients as a function of initial drop diameter (Slla). 

for all the hydrocarbon-water systems tested (including condensation of 
isopentane in water), related to the total area of the rising two-phase drop, 
gives 

0 = 0.76 x 103d*-0.64 

The constant for the pentane-sea-water system alone is 0.882 x lo3. 
The independence of 8* on the initial drop diameter exhibited by 

Klipstein's (K3a) data in Fig. 19 is most probably due to the nucleation 
technique employed by him whereby a sharp electric power pulse was given 

(49) 
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to each drop through a nichrome heating wire in contact with the drop (S1 la). 
In contrast, all the other data reported here, including those for butane in 
24% NaC1-water solution (C2a), were obtained by allowing the bubbles to 
nucleate naturally in unaerated systems. 

Comparison of the above equations shows that the characteristic average 
of the total instantaneous transfer area is some 12 times larger than the 
initial area, or some 35 % of the final area of the completely evaporated drop. 
This is in accord with the smaller evaporation rates in the beginning of the 
evaporation process shown in Figs. 17 and 18. 

As seen from Fig. 19, the heat-transfer coefficient related to the initial 
drop area is about one order of magnitude larger than the one related to the 
" time average" of the instantaneous total area. However, if heat transfer is 
assumed to take place only between the volatile liquid at the bottom of the 
two-phase bubble and the continuous phase, then the liquid-liquid transfer 
coefficient can be approximated (S10) to be about 2.5 the value of i7. The 
corresponding coefficients for nonevaporating drops are about 60 Btu/ft2/ 
hr/"F, which is at least one order of magnitude lower than that of the values 
realized with the evaporating drops. 

Some degree of superheating is required before nucleation sets in in the 
drop, depending on drop size as well as the physical and chemical purity 
of the fluids. Similar phenomena have also been observed in countercurrent 
spray column studies (S9), where the temperature of the continuous phase 
can be lowered t o  the desired value only after some evaporation starts. As is 
to be expected, the time required for complete evaporation of the drop is 
inversely proportional to the temperature driving-force. A similar relationship 
exists for the length of the evaporation path of single drops. This, however, 
may not be directly extended to populations of drops, where the onset of 
nucleation is not simultaneous but rather depends on the dispersed phase 
flow rate, holdup, and degree of turbulence of the system. 

As shown in Fig. 16, a droplet leaving the nozzle at the bottom evaporates 
and grows while rising in the column. Three operating zones were noticed in 
the spray column operating with a multiorifice plate: a free-rising zone at the 
bottom, a turbulent zone, and a foam zone at the top of the column. In the 
free-rising zone, equivalent to the " streamline " region noted in gas-liquid 
contacting columns at low gas flow rates and low holdups, the evaporating 
drops rise unhindered. As the superficial velocity increases with vapor 
generation, the growing drops lose their individual identity, and coalescence 
as well as turbulence is observed. This turbulent zone is analogous to the 
turbulent region noted in gas-liquid systems at superficial gas velocities above 
approximately 10 ft/min. Obviously, the interfacial area decreases with in- 
creased coalescence. The foam height, which varied with the operating con- 
ditions from 10 to 50 mm, was not considered (S9) to contribute much to the 
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FIG. 20. Effect of temperature driving-force on optimal column height-pentane- 
water system (S9). 

overall transfer area, but was included in the subsequent evaluation of the 
optimal column heights and the volumetric transfer coefficients. 

In Fig. 20 the optimal column height (defined as the height in which 
evaporation is complete but no superheating of the vapors occurs) is plotted 
against the log-mean temperature driving-force at various dispersed-phase 
flow rates. It is noted that identical orifice velocities of pentane were used, and 
the initial diameter in all the runs shown was about 1.40 mm. Comparison 
with the single-drop data included in Fig. 20 allows some insight into the 
effect of drop interaction. Increasing the pentane flow rate at a constant 
temperature driving-force is equivalent to increasing the diameter of single 
drops. This is consistent with the observed increase in coalescence with in- 
creasing pentane flow rates. Also, the greater the coalescence, the smaller the 
effect of the temperature driving-force. Hence the effect of initial drop 
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diameter will decrease as the dispersed phase flow rate and the temperature 
driving-force are increased. 

At a constant pentane flow rate (4.72 ft3/hr/ft2) the volumetric heat- 
transfer coefficient was found (Slla) to depend only slightly on the initial 
drop diameter. Approximately, 

D*-o.l 
U" 

for G, = 66.5 ft3/hr/ft2. The effect of the continuous-phase flow rate is 
generally small. An exponent of 0.135 was found for G, = 30.4 ft3/hr/ft2. 
Evidently the effect of the initial drop diameter is mainly in the free-rise 
" streamline " zone in the lower part of the column. The upper "turbulent " 
zone is practically unaffected by the initial drop size, consistent with the 
independence of gas holdup and the specific interfacial transfer area relative 
to the orifice diameter at high gas flow rates that is observed in gas-liquid 
contacting systems. 

The volumetric heat-transfer coefficients obtained in the countercurrent 
spray column are plotted against the mass flow-rate ratio in Fig. 21, allowing 
direct comparison with Fig. 14 where some of the analogous data for liquid- 
liquid spray columns are presented. For direct comparison with Table V, it 
is noted that the spray-column diameter was 2.75 in. with a total height of 
33.5 in. Orifice diameter was 0.5 mm, and the number of orifices varied 
between 9 and 22 depending on the desired pentane flow rate. Holdup 
fraction varied from 0.12 to 0.22 at the range of flow rates indicated in Fig. 21, 
and the volumetric transfer coefficients varied from 4.8 x lo3 to 12.1 x lo3 
Btu/ft3/hr"/F. These results clearly demonstrate the higher efficiency of the 
three-phase exchanger as compared with the liquid-liquid heat exchangers. 

For comparison with other evaporation studies, it is noteworthy that the 
data presented in Fig. 21 was obtained with a temperature approach of 1.7"C 
at the continuous-phase outlet, and that the pentane feed entered the nozzles 
subcooled by some 1.5"C. A reduction in the free-rising stream line zone is 
feasible with superheated dispersed-phase feeds and closer approach tempera- 
tures. This would greatly increase the volumetric transfer coefficient which is 
inversely proportional to the temperature driving-force and the optimal 
column height. 

Harriott and Wiegandt (HlOa) studied an upflow cocurrent flash evapora- 
tor in which pentane or methylene chloride was mixed with the water before 
entering the 2-in. column. A sieve plate with t- or $-in. holes was placed 1 ft 
upstream to facilitate dispersion. The volumetric transfer coefficients were 
estimated to be about 17 x lo4 Btu/hr/ft3/"F, based on an approach exit 
temperature of 0.5"C and a 1-ft length of pipe. This result is similar to that 
reported by Wilke et al. (WlO) for a cocurrent pipe evaporator, and is about 
one order of magnitude larger than that reported for the countercurrent spray 
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column. As in the case of liquid-liquid exchangers, this is probably due to 
better atomization of the dispersed phase and the closer temperature 
approaches measured in the cocurrent pipe-type exchangers. 

FIG. 21. Volumetric heat-transfer coefficient as a function of Gd/G,; AT2 = constant; 
pentane-water. 

Mechanical agitation increases the rate of evaporation. This is due to 
increase of interfacial area with drop breakup, heterogeneous nucleation, and 
higher turbulence. By combining the concept of local isotropy in turbulent 
agitation together with the particular characteristics of the volatile drops 
evaporating in immiscible media, Sideman and Barsky (%a) related the 
specific heat flow rate (per unit volume) to the specific power input P, of the 
agitator and the temperature driving-force. Using small-scale as well as 
pilot-plant data, they demonstrated that the general form of the derived 
relationships 

holds even for nonhomogeneous mixtures as well as for evaporation at liquid- 

4 ,  - P," ATY (50) 
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liquid interfaces, where local isotropy may not exist. The exponents x and y 
vary with operating conditions, the controlling mixing regimes (viscous, 
kinetic, or coalescence preventing), and mixing intensity. The exponents 
decrease with increased coalescence and decrease of the mixing intensity, as 
is evident from Fig. 22. For completely dispersed systems at high mixing 

' /v 

log $ 

'og P" 

FIG. 22. A general presentation of the effect of specific power input and turbulence 
intensity on heat transfer between a nonvolatile liquid and an immiscible, volatile, evaporat- 
ing liquid. NRs = Nd2p,/pc (S8a). 

intensity, x = 8-12 and y = 4-6, depending on the dispersed-phase holdup 
and the mixing regime. For the practical case of operating with some excess 
butane in sea water (HlOa), where a butane layer floats above the continuously 
agitated fluid, x = 3.84 and y = 1.54. Values of x = 0.08 and y = 1.43 were 
found for heat transfer between agitated water and pentane layers at 

between 1 and 4 x lo4. At lower mixer Reynolds numbers, x = 0. 
The contact area is well defined; q A ,  the heat flow rate per unit area, may 
replace q", and Eq. (50) reduces to the well-known boiling correlation 

- ATY (504 

For the pentane-water system, y = 1.42, in good agreement with theexponent 
of I .33 calculated for turbulent natural convection and commonly applied to 
surface boiling. For nucleate boiling of a single component, the value of the 
exponent in Eq. (50a) reported in the literature varies between approximately 
2.5 and 5 .  Comparison with the exponents given above for the two- 
component three-phase system seems to indicate that, although the evapora- 
tion in the latter system is of the surface-evaporation type, the hydrodynamic 
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effects associated with high turbulence are responsible for the high heat- 
transfer coefficients realized in these systems. 

Some elaboration on boiling heat transfer at liquid-liquid interfaces 
(without external mixing) is instructive. A comparison of all available inter- 
facial boiling data is presented in Fig. 23. Note that the slope of the lines n is 
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FIG. 23. Comparison of boiling data from liquid surfaces. 

equal to y - I since, by definition, U = qA AT. The dotted lines for the n- 
pentane and n-hexane were obtained by seeding the water interface with 
artificial nuclei. The ensuing higher evaporation rates are seen by the larger 
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slopes of these lines as compared with those obtained with clean water inter- 
faces. These results are consistent with Novakovic and Stefanovic’s (N4a) 
observations on the effects of surface contamination and boiling from the 
walls of the vessel on the apparent transfer coefficients. The differences in 
the data of Novakovic, Gordon (G17a), and Viskanta (Vla) obtained in 
boiling from the mercury interface shown in Fig. 22 is thus readily explained : 
neither Gordon nor Viskanta used deaerated mercury; thus, “ boiling usually 
started at lower superheats . . . because of the presence of contaminants and 
gases absorbed and adsorbed on the mercury surface” (Vla). Moreover, 
since thick mercury layers were used in these two studies, large oscillations 
and bouncing (G17a) of the mercury interface were evident at high heat 
fluxes. Whereas Novakovic’s data, taken with thin mercury layers (3-6 mm) 
and with extreme precaution to avoid contamination and wall effects, indicate 
a transformation from surface to nucleate boiling, the data of Viskanta and 
Gordon (as well as ours with a seeded interface) represent some averages of 
these two basic boiling mechanisms. 

Also included in Fig. 23 are Bonilla’s data (B9a) for nucleate boiling of 
pentane from a chrome-plated heater, as well as the average over all heat- 
transfer coefficient, related to the instantaneous overall heat-transfer area, 
for pentane drops evaporating while rising in water. As noted earlier, the 
heat-transfer coefficient in the latter case was found to be practically in- 
dependent of the temperature driving-force in the range studied (up to 15°C). 

In conclusion, it is evident from Figs. 22 and 23 that the rate of heat- 
transfer increases with increasing interfacial turbulence, irrespective of 
whether this turbulence is induced by high heat fluxes (as in Gordon’s mer- 
cury surface), induced boiling by artificial nucleation sites (gas or solid con- 
taminants), or mechanical agitation at the liquid-liquid interface. 

B. CONDENSATION OF BUBBLES IN IMMISCIBLE LIQUID MEDIA 

The related work of Bankoff and Mason (B2) on latent heat transfer from 
steam bubbles condensing in a turbulent subcooled water stream casts light 
on this interesting phenomenon. A train of steam bubbles was injected into a 
submerged jet of subcooled water. Depending on the steam flow rate, water 
temperature, and velocity, three distinct types of bubble behavior could be 
distinguished: ( I )  ellipsoid bubbles with smooth surface at low steam rates 
and high temperature gradients (90-1 30°F) ; (2)  ellipsoid bubbles with irregu- 
lar surface at increased steam flow rates and about 90°F temperature gradient; 
and (3)  irregular bubbles which (unlike the first two groups) did not com- 
pletely collapse at the lower temperature gradients (30-50°F).* The surface 
heat-transfer coefficients for all three groups varied between 13,000 and 

* The relative significance of the effects of the liquid inertia and the heat transfer on 
the collapse rate was recently reported (Fla). 
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316,000 Btu/hr/ft2/"F, with Reynolds numbers varying from 172 to 14,000. 
The frequency of the bubbles varied between 200 to 2500 cps. Empirical 
equations for the Nusselt number as function of the Peclet and Strouhal 
numbers are given (B2) for the three different bubble groups. 

The transfer coefficients reported by Bankoff compare favorably with 
those reported by Grassmann and Wyss (G19), who studied heat transfer 
between steam bubbles and water. With a bubble frequency of about 20/sec, 
they obtained water-side coefficients ranging from 14,000 to 20,000 Btu/hr/ 
ft2/"F. Superheated vapor-side coefficients were 40-160 Btu/hr/ft2/"F. 
Bankoff's higher values are undoubtedly due to the highly turbulent nature of 
his system. 

The analogous studies of direct-contact condensation involving im- 
miscible fluids are rather meager. Sideman and Hirsch (S11) have recently 
reported some low-speed cinecamera studies of single isopentane bubbles 
condensing while rising in stagnant water. Two different nozzles of 3 and 
6 mm i d .  were used in this work, resulting in initial bubble diameters of 
about 3.8 and 5.5 mm. The smaller bubbles usually appear as ellipsoids with 
relatively small fluctuations in shape. The larger bubbles deform appreciably, 
appearing in various shapes, such as disks, cones, saucers. A typical sequence 
of condensation of the larger size bubble is shown in Fig. 24. The greatest 
changes in the volume and area of the bubbles occur at the initial stages of 
the evaporation process. This so-called " turbulent" region of high deforma- 
tion extends up to some 80-90 wt = ,% of liquid content in the bubble. In the 
second " laminar" region, the transfer rate decreases appreciably as the 
internal resistance to heat transfer gradually dominates the rate of heat 
transfer. 

The characteristics of the instantaneous heat-transfer coefficients are 
basically similar (but in reverse) to those found earlier in the complementary 
study of evaporating drops, leading to the conclusion that here too most of 
the heat transfer takes place at the liquid-liquid interface. Absolute compari- 
son based on liquid or vapor fraction in the two-phase particle is difficult, 
since some condensation takes place during bubble formation; despite prior 
superheating of the bubble, the exact amount of liquid in the initial bubble is 
unknown. Also, in the range of small temperature driving-forces studied (up 
to 6"F), condensation was not spontaneous and not complete. Unlike the 
evaporation studies (Fig. 16), no distinction between the vapor and the 
volatile liquid in the bubble could be observed at  these low temperature- 
differences. Condensation was complete only at higher temperature driving- 
forces, allowing clear distinction of the phases in the condensing bubbles 
similar to that shown in Fig. 16 for the initial evaporation stages. 

The suggested similarity of the heat-transfer mechanism in evaporation 
and condensation in immiscible media is substantiated by the similar charac- 
teristics of the data when plotted as instantaneous Nusselt vs Reynolds 
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numbers, and the good agreement of the condensation data with the values 
predicted by Eq. (47) (S11). The general agreement of the average over-all 
condensation heat-transfer coefficients with those of evaporation is also 
evident in Fig. 19. 

FIG. 24. Isopentane bubble condensing in water (S11). 

It is interesting to note that the two phases in the bubble were distinct in 
the presence of air in the bubble. An analysis of the pictures of a condensing 
isopentane-air bubble indicated no effect of the presence of air on the con- 
densation rate. However, more work is required before a final conclusion can 
be drawn, especially since all available information regarding condensation 
on solid surfaces as well as condensation of steam bubbles in water (G19) 
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indicates a decrease in the condensation rate in the presence of non- 
condensable gases. Similarly, the presence of an inert gas in C 0 2  bubbles in 
water reduced the absorption mass-transfer coefficient by some 20 to 40 
percent (L4). It is not yet clear whether this latter effect is due to smaller 
radial motion of the contracting bubble, to internal surface resistance, or to 
formation of an insulating gas cap on top of the bubble; should the latter 
be the cause, this would hardly affect the over-all transfer coefficient for 
condensation, which is apparently mostly controlled by the external resistance 
to transfer at the liquid-liquid interface. 

In agreement with the single-drop evaporation studies, no significant 
effects of the temperature difference on the heat-transfer coefficient were 
observed in the narrow temperature range studied. An attempt to isolate these 
effects is presently underway, especially since the temperature driving-force 
was found to affect the initial and final liquid content of the bubble (SI 1) as 
well as the volumetric coefficient (W9). 

The overall transfer coefficients (related to the overall transfer area) 
obtained in this three-phase two-component condensation study were about 
600 and 1100 Btu/hr/ft2/"F for the large and small bubbles, respectively. 
These compare favorably with the values reported for condensation of steam 
in water, which are, however, one order of magnitude larger. The difference 
is reasonable in view of the possibility for mass diffusion at the gas-liquid 
interface in the two-phase steam-water system, as well as the much higher 
turbulence encountered, especially in Bankoff's system (B2). 

Wiegandt (W9) studied isobutane condensation in an ice-packed column, 
utilizing small temperature gradients. The experimental data reported indicate 
a decrease in the volumetric heat-transfer coefficients from 1000 to 660 
Btu/hr"F/ft2 (column cross section) with increasing temperature driving- 
force from 2 to 7°F. Although only small effects of the temperature gradient 
on the transfer coefficients in latent heat transport have been reported 
(S12, W9, WlO), extrapolation of data of large AT to small temperature 
gradients (to about 1"C, which is of practical interest for economic reasons) 
may be erroneous, mainly since hydrostatic-head effects on the normal 
boiling temperature are very pronounced at small AT'S. 

Condensation studies of butane in water-ice slurries in a 2411. diam 
column were also reported (W9), indicating increasing condensation rates 
with increasing ice content of the slurry. With a butane feed rate of 1.24 
Ib/ft2/min and an average temperature gradient of 6"F, the overall heat transfer 
coefficient is reported to be 2000 Btu/hr/"F/ft2 (column cross section). 

Direct-contact condensation of steam in Aroclor, with a venturi as mixing 
device, was reported by Lackey (Ll). Working with temperature gradients of 
about 10, 40, and 70°F between the two fluids, he observed a strong effect of 
the temperature gradients on the steam flow rate, the latter decreasing 
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strongly with decreasing temperature gradient. The apparent volumetric 
heat-transfer coefficients reported are in the range of 150,000-400,000 
Btu/hr/ft3/"F. 

The heat-transfer characteristics of condensing steam in Aroclor in a 
simulated cocurrent spray column were also reported (Ll). The volumetric 
heat-transfer coefficient, in Btu/hr/ft3/"F, was assumed directly proportional 
to the steam flow rate W,, and is given by 

u, = 9.2 x 103wd (51) 

where wd is measured in Ib/hr. 
Direct condensation of methylene chloride in a cocurrent downflow sieve- 

plate condenser in a 6-in. pipe was reported by Harriott and Wiegandt (HlOa). 
Transfer coefficient, based on average condensation and exit liquid tempera- 
tures and the turbulent bubbling froth area only (0.09 ft'), were from 70,000 
to 100,000 Btu/hr/ft'/"F, increasing with superficial gas velocity from about 
1 to 2.2 ft/sec. The corresponding volumetric coefficients are up to 400,000 
Btu/hr/ft3/"F, based on 3-in. froth height. 

For condensation of methylene chloride in water, in cocurrent downflow 
4-in. and 6-in. diam columns packed with +-in. Intalox saddles, the volu- 
metric transfer coefficients reported (HlOa) were less than half those obtained 
with the sieve-plate column. The difference may be due partially to the differ- 
ent definition of the temperature driving-force applied for these two columns. 
(The log-mean AT was used for the packed bed, and a 2411. transfer height was 
assumed.) The volumetric heat transfer coefficients " increased with the 0.4- 
0.6 power of the liquid rate" from 65,000 to 150,000 Btu/hr/ft3/"F with the 
liquid rate increasing from 1 to 4 x lo4 lb/hr/ft2. Contrary to the sieve- 
plate and spray-column studies, no effects of the vapor flow rate (from 1100 
to 2500 lb/hr/ft2) on the heat-transfer coefficient were noted in the packed 
bed study. 

Wilke et al. (W10) reported data on steam condensation in countercurrent 
flow with Aroclor in 2- and 3-feet-high 12-in. diam columns packed with 
l-in. Raschig rings. The experimental HTU, (liquid-resistance-controlling 
height of a transfer unit) varied from 0.8 to 1.5 ft for Aroclor flow rates of 
1.5 to 3 x lo4 lb/hr/ft2, corresponding to over-all transfer coefficients of 
about 6000 Btu/hr/ft3/"F (H 10a). The comparison between these two studies 
is difficult, as different condensation heights were used in evaluating the 
transfer coefficients. Smaller area with the 1-in. rings, the higher viscosity of 
Aroclor, and possible channeling in countercurrent flow may explain some of 
the difference. 

It is noteworthy that spray-column exchangers are usually more efficient 
than packed beds for systems yielding small drops and consequent higher 
transfer area per unit column volume. However, because of pressure drop 
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through the liquid and backmixing in the column, packed beds may be 
preferred. 

Some attempts to predict the volumetric heat-transfer coefficients were 
also reported. Hu (H19) suggested a design procedure for packed towers for 
use as direct-contact gasoline condensers. Hu’s technique was later severely 
criticized by Lackey (Ll), who presented a detailed procedure for determining 
the HTU by analogy to, and based on data of (S7), liquid-film controlling 
mass transfer in gas-liquid systems (W10). [An equation for calculating the 
HTU for the gas desuperheating section is also given (WIO.] A somewhat 
different procedure to predict the volumetric heat-transfer coefficients in 
packed beds was suggested by Harriott and Wiegandt (H 10a), who applied 
the penetration theory for the heat- and mass-transfer analogy. Application 
of the mass-transfer analogy (oxygen desorption data) to condensation in 
sieve plates (HlOa) seems unsatisfactory. 

In concluding this chapter on heat transfer with change of phase it is 
noted that, despite the advantages and effectiveness realized in utilizing latent 
heat transport, relatively little is known on the basic mechanism of this 
important phenomenon, and the various factors affecting it. It is probably 
instructive to note that the high heat-transfer coefficients obtained due to 
turbulence at the surface of these rapidly growing or contracting two-phase 
particles are comparable to those realized in nucleate boiling. 

VI. Miscellaneous Effects on Heat Transfer 

A. DROP AND COLUMN END EFFECTS 

All equations and relationships reviewed in Sections 111 and IV and 
summarized in Tables 1-111 refer to the constant-velocity region of transfer. 
Drop end effects, associated with drop formation and coalescence, may 
sometimes affect the transfer to a considerable degree and should be taken 
into consideration. Numerous workers (G8, G12, G23, H13, L11, L13, S6, 
W6) have attempted to isolate the end effects. A relationship designed to 
distinguish between the overall and end transfer efficiencies was proposed by 
Johnson and Hamielec (52). 

The transfer efficiency in the drop-formation region varies approximately 
as the square root of the drop-formation time and inversely as the drop 
diameter. Since the drop acceleration interval is quite short, acceleration 
effects are normally combined with drop-formation effects. Heertjes (H 13), 
basing his analysis on Higbie’s penetration theory, suggested equations for the 
drop-formation and coalescence regions. For the drop-formation region, 

0.5 

E,, = 10.3($) 
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where 0 is the time of drop formation. Somewhat different relations were 
derived by Licht (L13) and by Groothuis and Kramers (G23) who applied 
different procedures to the same basic assumptions. 

Assuming that coalescence time is equal to drop-formation time, and that 
the drop spreads at the interface of the two phases, exposing a fresh film of 
area A, it can be shown (S8) that the ratio of transfer efficiencies in the drop- 
formation and coalescence regions can be approximated by 

A 
_. Efi x 1.75 = 
E n  A (53) 

where A is the drop surface area. Assuming that a drop with a diameter of 
1 mm spreads to 5-10 mm diam, the transfer efficiency in the coalescence 
region is 3-1 5 times that of the drop-formatiqn region. This consideration 
applies only if the new drop forms a fresh surface at the contact area between 
the phases, which obviously is far from reality. 

A simple relationship exists between the overall end-effect transfer 
efficiency EF , the transfer efficiency in the constant velocity region Em, and 
the over-all transfer efficiency E T .  Defining (1 - E) as the “complementary 
efficiency,” it can be shown that 

(54) 

Experimental data can be used to determine EF . As expected, E, depends on 
the drop diameter as well as on the nozzle design. Experiments (52) with 
2.8-mm-diam cyclohexanol drops, falling in water out of a flat nozzle at 
25”C, gave a complementary end effect, 1 - E F ,  of 0.81 ; whereas for a 4.3- 
mm drop from a sharp-edged nozzle (45”), the complementary value was only 
0.78. 

In spite of occasional pronounced drop end effects, they are commonly 
neglected in practice. This is especially justified in industrial units, where drop 
formation is rapid and the constant-velocity region is quite large, usually due 
to overdesign of the column. However, column end effects, associated with the 
longitudinal-dispersion and flow patterns in spray columns, strongly affect 
the transfer efficiency of the column. 

Column end effects, though on a larger scale, are sometimes considered 
analogous to those associated with drop formation. The latter undoubtedly 
contributes to increase the former. However, no quantitative relationships 
between drop and column end effects are as yet known for countercurrent 
operation. As suggested by Vermeulen and others, the concentration (or 
temperature) of each incoming stream increases or decreases abruptly on 
entering the column. In contrast, the concentration pattern for each outgoing 
stream becomes flat as it approaches its outlet, and no discontinuity is 
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observed at this end (M6). As mentioned in connection with Pierce’s spray- 
column studies (P3), the sharp drop in the driving force is especially pro- 
nounced in the continuous-phase inlet region, and was found to be almost 
independent of continuous-phase inlet nozzle and column design (G14). These 
phenomena are attributed to recirculation (“ backmixing ”) of the continuous 
phase (P3), longitudinal dispersion (M6) or continuous phase envelopes 
(G15a) or wakes (L5a) carried with the dispersed phase. 

Complete temperature profiles in the column, rather than external end 
values, are required for proper evaluation of the true transfer coefficients, the 
longitudinal-dispersion coefficient, and the column end effects. Geankoplis 
(G15) measured concentration profiles inside the column to determine the 
“ true ” transfer coefficients, and suggested a procedure for correlating tower 
and effects in terms of a fictitious height of column. Miyauchi and Vermeulen 
(M6) have provided a general theoretical treatment, which permits evaluation 
of the over-all behavior of two-phase countercurrent flow by considering the 
effect of longitudinal dispersion of both fluids. A trial-and-error procedure 
was suggested for determining inlet discontinuity as a measure of column 
performance on the basis of interior concentration data at the inlet and outlet 
ends. “Jump ratios ’’ are available to facilitate trial-and-error calculation of 
the individual Peclet numbers from experimental data. (Peclet numbers here 
are defined in terms of the effective longitudinal-dispersion coefficient of each 
phase.) A method for calculating the maximum transfer efficiency by approxi- 
mate determination of the “number of over-all dispersion units” is also 
presented (M6). The analytical solutions and graphs presented should allow 
for quantitative treatment of the data. 

In a recent study of mixing in spray-column heat exchangers, Letan and 
Kehat (L5a) have shown that the temperature jump occurs only at the inlet 
of the continuous phase, i.e., water. This sharp discontinuity, a measure of 
the amount of mixing in the column, was found to be a function of the holdup 
fraction of the dispersed phase (kerosene) and the ratio of flow rates of the 
two phases. A hydrodynamic model based on the idea that considerable 
transfer to and from the drop occurs on the downstream side of the drops, to 
a terroidal vortex downstream of the drops, successfully explains the tempera- 
ture profiles obtained by Letan and Kehat, as well as in other extraction 
studies. A high portion of the heat is transferred from the drops to the wakes 
at the bottom of the column, and a high portion of this heat is transferred to 
the continuous phase by the wakes shed in the middle of the column. This 
model can explain the flat temperature profiles at the bottom of the column, 
and the rise of the temperature of the continuous phase in the middle of the 
column. New material from the upstream side of the drop enters the circu- 
lating core of the wake through the boundary layer and is shed at a higher 
temperature some time later higher in the column. At  the upper section of the 
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column the drop temperature becomes constant, and the rate of heat transfer 
diminishes to zero. At the top of the column, the holdup of the drops in- 
creases rapidly, and the detached wakes mix with the inlet water stream 
which immediately loses its original identity, similar to a liquid entering a 
highly mixed system. At the same holdup fraction, the total amount of water 
carried in the wakes up the column increases with increasing the flow ratio, 
resulting with greater mixing and higher jump ratios. At F = 0.24, the jump 
ratio rose fromO.l to0.55 when the flow rate ratio increased from 1 to 3.5. 

At low holdups, longitudinal dispersion due to continuous-phase velocity 
profiles controls the amount of mixing in the countercurrent spray column ; 
whereas at higher holdups the velocity profile flattens, and the shed-wake 
mechanism controls. Above holdups of 0.24, the temperature jump ratio is 
linearly proportional to the dispersed-to-continuous-phase flow ratio, and all 
mixing is caused by shed wakes into the bulk water and coalescence of drops. 
As column size decreases, it approaches the characteristics of a perfect mixer, 
and the jump ratio approaches unity (as compared with the value of zero for 
true countercurrent flow). It is interesting to note that changing the inlet 
temperature of dispersed phase by about 55°F hardly affected the jump ratio, 
probably due to the balancing effects of reduced viscosities and a decrease of 
drop diameter. 

B. TEMPERATURE AND TEMPERATURE-GRADIENT EFFECTS 

Temperature obviously affects the physical properties of the fluids, thus 
indirectly affecting the transfer coefficients. As in the case of heat transfer in 
pipes, equations involving viscosity corrections for temperature differences 
between bulk and interface have been suggested (Eq. 11-14, Table 11) and are 
especially applicable for viscous continuous phases. No correction is needed 
for water, for instance, especially at (NRe)= > 50. At lower (NRe)=, natural 
convection is pronounced, especially in liquid systems with low kinematic 
viscosity. Since the transfer coefficient for natural conveotion is a function of 
the Grashof number, one may expect some effects of the temperature gradient. 
Steinberger and Treybal’s equation (Eq. 6 )  allows for these effects. 

As already mentioned, the viscosity of the dispersed phase affects the 
maximum obtainable transfer coefficients in spray-column operation ; lower 
viscosities allow higher coefficients at lower operating temperature level. For 
the “ hot-top” spray column, a linear dependence of the transfer coefficients 
and the fluidity of the dispersed phase was found (T2). This phenomenon may 
also be associated with reduction in surface tension. A decrease in drop 
diameter and increase in transfer area per unit volume of column may then be 
expected to increase the volumetric transfer coefficients. 

The temperature gradient in heat exchangers is commonly expressed in 
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terms of the apparent log-mean temperature, which is computed from end 
temperatures of incoming and outgoing streams and is based on the assump- 
tion of a linear temperature gradient between top and bottom. This is evidently 
not the actual situation in countercurrent spray columns, due to backmixing 
and end effects associated with irregular flow patterns. True temperature 
profiles are required to obtain the true driving-force. Different inlet and outlet 
conditions correspond to the same externally apparent column performance, 
whereas a unique situation exists inside the column for any specific set of 
conditions. The difference and the relation of the transfer coefficients, derived 
from true, apparent (external ends), and measured interior temperature pro- 
files in the column is demonstrated by Miyauchi and Vermeulen (M6) in their 
theoretical study of longitudinal dispersion in countercurrent two-phase 
operations. 

The log-mean average is highly sensitive to the approach temperature at 
the columns ends, requiring highly accurate measurements of the true 
temperatures. Thus, the lower the approach temperature, the higher becomes 
the uncertainty of the calculated results. In these cases, recourse to the 
arithmetic-mean average should probably be advisable, to ensure more 
" conservative " design data. For a 1 O approach temperature at one end and a 
5" temperature difference at the other end, the ratio of the logarithmic- and 
arithmetic-mean temperature gradients is 1.25. For a given constant flow 
ratio of one of the fluid streams, the mean temperature is a function of the 
flow rate as well as of the absolute temperatures of the other streams. Li (L10) 
observed that a certain relationship exists between the apparent log-mean 
temperature, and the volumetric transfer coefficient. By manipulating the 
temperature at the ends of the column, Gardner (Gl) obtained, for the 
specific case of G, = 20 ft/hr and (C,/G,) = 1, 

Contrary to suggestion (Gl), Eq. 55 cannot be used for other flow conditions, 
because (AT),,, is in itself a function of the flow-rate ratio. 

Consider a special case of a spray column, where the temperature of one 
phase, say the dispersed phase, is constant throughout. This situation is 
ideally obtained when the dispersed phase is volatile and evaporates while 
rising in the column. Under ideal operating conditions (no subcooling or 
superheating), with constant mass flow rate of the dispersed phase, 

(CC,p AT), = const, or ATc a l/Gc (56) 

and the mean temperature gradient will vary accordingly. This case is similar, 
though not identical, to the special case of negligible concentration change 
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in one phase treated by Miyauchi and Vermeulen (M6), where 

= (GCpp)c/(GCpp)d = 

In that case, M --t 0 since ATd + 0 and Colburn's equation (M6, Eq. 1 l), 
derived for piston flow (apparent external transfer coefficient), reduces to 

The latter is obviously obtained independently (and for all M )  from the 
definition of the over-all volumetric transfer coefficient, based on apparent 
exterior temperatures. The obvious and common technique of studying 
column performance is to keep Gd and T,, (in) constant and vary G, until the 
desired minimum approach temperature is obtained, corresponding to 
(Gc)min, Fig. 25(a). Now, since T,, (out) ideally approaches Td only asymptotic- 

t 

Td .Const. 

(4 (b) 
FIG. 25. Schematic presentation of column operation : (a) constant continuous-phase 

inlet temperature; (b) constant continuous-phase outlet temperature. 

ally, a minimum practical approach-temperature gradient, ATzM,  is set in 
practice. Obviously, for any G, > (Gc)min, we get AT, > ATzM.  Since 
(AT)ln > [(AT)ln]min, hence, U, < (Uv)'4min... This is demonstrated in Fig. 26, 
curve A, for the system pentane-water (S9), which shows that for a given 
dispersed-phase mass flow rate and a constant T,, the transfer coefficient 
decreases with increasing continuous-phase flow rate. Similar, almost parallel, 
curves are obtained for different continuous-phase inlet temperature. As 
shown by curve B of Fig. 26, the opposite conclusion is also true, if the column 
is operated under the restrictions of constant ATzM.  Under these conditions 
[Fig. 25(b)] G, can theoretically increase to infinity, thus decreasing ATl and 
(AT)ln . Practical limitations, such as flooding, holdup, etc., would however 
dictate (G,),,, . Thus, at any G, < (G,),,,, , we obtain ATl > (AT,)n,in, hence, 
(AT)ln >  LIT)^,,],,,^,, and U, < (U,),,, . Thus, curve B of Fig. 26 is the locus 
of all points of optimum operating conditions, yielding (Gc)min and (Uv).6min,, 
for any desired Tcl .  Similar curves are obtained for other values of ATZM, as 
well as for different values of Gd , permitting determination of the optimum 
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operating conditions. The advantage of working at minimum approach 
temperature is obvious. The above analysis may be extended to include 
longitudinal effects, along the lines suggested in (M6). Similar reasoning may 

FIG. 26. Effect of inlet and outlet temperatures on volumetric heat-transfer coefficients 
in three-phase spray-column heat exchanger-pentane-water system. 

probably apply to other two-phase two-component systems, where M # 0. 
No attempt has been made to extend the analysis beyond this point. 

C. EFFECT OF DROP DIAMETER ON HEAT-TRANSFER COEFFICIENT 

Within the drop-size range of practical interest, there seems to be general 
agreement that drops may be classified in two main size categories, “ small ” 
(below 1-3 mm diam) and “large” (2-7 mm diam). As will be discussed later, 
the exact transition value depends on the physical properties of the system 
involved. “ Small” drops are similar in behavior to solid particles, whereas 
“ large” drops exhibit higher transfer coefficients. In the transition zone 
between the “ small ” and “ large ” categories, transfer coefficients change 
abruptly, as shown by Calderbank and Moo-Young (C2) and Thorsen and 
Terjesen (T3). This change in the transfer coefficients can be attributed to the 
onset of circulation in the transition zone. In the absence of circulation, the 
external Nusselt number varies as the 3 power of the Prandtl number, while 
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in its presence the Prandtl exponent may be 4. Garner et al. showed that in- 
ternal circulation sets in at a Reynolds number of about 20. Terjesen et al. 
(T3) attributed the large increase in heat-transfer coefficient to an increase in 
velocity and vortex formation behind the drop above a Reynolds number of 
about 25. Since the higher transfer rates are certainly associated with the 
mobility of the drops’ interface, we can leave aside the question as to whether 
circulation induces heat transfer directly or indirectly due to higher drop 
velocity and larger angle of separation. Experimental evidence of both schools 
indicates that transition from “ small ” to “ large ” drop behavior is governed 
by the Reynolds number, hence by velocity and fluid viscosity. 

Calderbank and Moo-Young (C2) suggested two different correlations for 
the two drop-size ranges, substantiating it with an impressive amount of 
heat- and mass-transfer experimental data of various workers. Their equation 
for “ small ” drops or bubbles is 

(NNJc = 2 + 0.31(NR,)’/3 

and for drops and bubbles larger than 2-3 mm, 

Equations (58) and (59) indicate the transfer coefficient to be independent of 
the drop diameter. This conclusion, however, should be accepted with caution. 

Beginning with the small drops, assumed to behave like solid spheres, the 
transfer coefficient can be plotted against drop diameter according to the 
classical Froessling equation or Eq. ( 5 )  originally derived for a solid sphere. 
Such a plot (H10) shows an almost straight line for diameters of 0.1-2.3 mm, 
as might have been expected. (In this size range the terminal drop velocity is 
approximately proportional to the diameter.) Below 50-200 p, however, the 
transfer coefficient should increase with decreasing diameter, since the 
Nusselt number can never fall below 2, its limit for diffusion in a stagnant 
medium. 

Experimental work with drops and bubbles of 2-7 mm diam indicates 
rather small changes in heat-transfer coefficient with changing drop diameter. 
Experiments (Bl, B11, G26, H4, L13) with aqueous solutions showed very 
small decrease in the transfer coefficient with increasing diameter, as may be 
expected from Eq. (1 8). Only absorption experiments (H4) in glycol solutions 
showed a large increase in the transfer coefficient in the same size range. This, 
however, may be accounted for by the low Reynolds numbers involved. 

Relatively little experimental evidence not favoring the practical inde- 
pendence of the transfer coefficients from drop diameter within the above size 
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ranges is available. Hammerton and Garner’s (H4) experimental work on 
water absorption of COz and ethylene bubbles (2-3 mm diam) showed that 
the transfer coefficients, as well as bubble velocity, are directly proportional 
to the bubble diameter. Spence and Streeton (S19) reported similar relation- 
ship for extraction of uranyl nitrate from organic solvent (butex) to water 
drops, ranging in diameter from 0.5 to 5 mm. However, this relationship is 
heavily biased by a few values for the smallest and largest drops. 

An hypothesis assigning Garner’s results to a transition zone was recently 
refuted by new evidence. Leonard and Houghton (L4) substantiated Hammer- 
ton and Garner’s observations in their work on water absorption of CO, 
bubbles, 2-5 mm diam. The close relationship between bubble diameter and 
bubble velocity, as well as between bubble diameter and transfer coefficient, 
indicates that hydrodynamic relationships exist between the bubble velocity 
and the transfer coefficient. The higher velocities of immiscible bubbles (such 
as nitrogen and helium in water), compared with miscible (CO,) bubbles, 
raises questions as to the possible effect of transfer rates on bubble velocity 
(D3). Some dependence of rate of transfer and concentration on drop velocity 
is also indicated by Spence’s data (S19); it is of interest to note that experi- 
ments have shown (L4) that immiscible bubble velocity decreases with in- 
creasing diameter up to 6 mm, whereas that of miscible bubbles increases in 
the same range. 

Baird and Davidson (BI) derived an equation for the transfer coefficient 
of very large bubbles. Based on Davies and Taylor’s model of potential ff ow 
past a spherical cap (D7), this relationship predicts a decrease in transfer with 
increasing bubble diameter, as does Eq. (18). For large bubbles or high 
Reynolds numbers, the transfer coefficient varies as the -4th power of the 
diameter. The experimental data with bubbles up to 20 mm diam are of the 
order of magnitude predicated by these equations, although a slight increase 
of the transfer coefficient with increasing diameter is observed. Bubbles larger 
than 25 mm exhibited unstable transfer rates (Bl, L4). A detailed comparison 
between experimental gas absorption data and theoretical relationship be- 
tween the transfer coefficient and the equivalent spherical diameter (up to 
3 cm) is given by Calderbank and Lochiel (Cla). 

As already stated, the high transfer coefficients exhibited by “ large ” 
drops and bubbles (above 2-3 mm diam) is closely related to the presence or 
absence of circulation. Therefore any outside factors affecting drop circula- 
tion, such as impurities and surface-active agents, will naturally affect the 
relationship between drop size and transfer coefficient. This is especially 
true in the transitional drop-size range of 1-3 mm, where the presence of 
surface-active agents affects the transfer coefficient by a factor of two to three, 
depending on whether the drop falls into the “small” or “large” category. 
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A workable criterion for the transitional drop radius is given (L8) by 

which is based on the maximum decrease in the interfacial tension Q of a pure 
system to Q, observed in solutions of the given surface-active agents. 

Experimental evidence (B13, T3) shows the effect of surface-active agents 
on transfer coefficients of noncirculating drops to be negligible, while quite 
significant in “large” drops near the transition zone. In the presence of 
surface-active agents, velocities of drops up to 4 mm diam were found (T3) 
almost identical with those of solid particles of the same diameter, and the 
coefficients were accordingly small. However, pure drops gave much higher 
coefficients with little dependence on drop diameter within the same size 
range. It may be concluded that the presence of surface-active impurities 
affects the behavior of a drop as “small” or “large,” but has almost no effect 
in either “small” or “large” drops once the classification is made. Surface- 
active agents affect the boundary flow conditions by inducing viscous stresses. 
Hence the effect of surface-active agents decreases at higher ratios of the 
inertial to viscous forces, i.e., higher Reynolds numbers. For a given system, 
the larger the drops (or bubbles) and the higher their velocity, the smaller the 
effect of surface-active agents (Bl, L8). Bubbles in the range of 4.5 to 10 mm 
indicated no effect of the presence of surface-active agents (L8), and neither 
did larger bubbles of up to 40 mm diam (Bl). 

The relationships between drop diameter, internal and external resistance 
to transfer, and overall transfer rates in agitated liquid-liquid systems are 
shown by Nagata and Yamaguchi (Nl). As also found in solid-liquid agitated 
systems, the smaller the difference in density between the two phases, the 
smaller is the effect of increasing agitator speed (and decreasing drop diameter) 
on reducing the continuous-phase resistance. The drop-side transfer efficiency 
decreases with increased agitation. Large drops (x 1 .O mm diam) at the lower 
agitation range (100-200 rpm) indicated high transfer efficiencies, comparable 
to the mixed-drop model. The transfer efficiency of small drops (0.1-0.05 mm) 
associated with higher agitation speeds (x 1000 rpm) approached the theoreti- 
cal molecular-diffusion values. However, as the values of the over-all transfer 
rate calculated by the mixed-drop and rigid-drop theories approach each 
other for small drops at high agitation speeds, the effect of agitation on the 
internal transfer efficiency becomes insignificant. In general, the effect of 
increasing agitation intensity is mainly to increase the interfacial transfer 
area, hence the volumetric transfer coefficient. An almost linear relationship 
between these is indicated. The obvious advantages of the higher residence 
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time, associated with agitated systems, on the transfer process is irrelevant 
to the problem at hand. 

Coalescence, hence drop size, is sometimes strongly promoted by the 
transfer of solute from droplets to the ambient continuous phase. The recent 
experimental work of Groothuis and Zuiderweg (G24) showed that the 
addition of about 1.5 wt = % of solute to the dispersed phase increased 
the average drop size by up to 80%, while increasing coalescence rates 
about twenty-fold, which is equivalent to the effect of a forty-fold increase 
in power input. Larger drops were found at higher holdup ratios, which is 
consistent with the data obtained in these laboratories (Fig. 13) in spray- 
column heat-transfer studies. 

In spray columns smaller drops have a lower terminal as well as slip 
velocity at the same holdup, and flooding points appear at lower (G,/G,) 
ratios and lower holdups. As shown by Elgin’s (W4) correlation, at a given 
slip velocity holdup decreases with decreasing drop diameter. However, the 
transfer area per unit column volume increases inversely with drop diameter 
and the transfer coefficient should increase accordingly. This, as well as the 
interrelationships between drop diameter, holdup, and slip velocity, explains 
the independence of spray-column performance, over a fairly wide range, of 
the nozzle diameter. 

VII. Related Works 

A number of works closely related to the subject of heat transfer to a 
single drop were not incorporated in this chapter but should be borne in mind 
when dealing with this problem. These are works dealing with the mechanism 
of drop formation (B5, D4, H6, HI 1, H12, H21, N4, N6), the hydrodynamics 
of drops and bubbles, their drag and velocities (E3, G17, G18, H3, H7, K3, 
L7, MI, M4, N5, R3a, R4, S2, S5, W7, Z1, Z2), and interfacial agitation 
(D5, S21). In addition, certain important factors affecting transfer rates were 
not included or elucidated. Among these are oscillation (C6, G12, H9, H20, 
H21, L9, L12, S15), vortex formation behind a moving drop (G2, G10, G12, 
L6), natural convection (G4, G20, S20, T7), turbulence (C2, H5, H8, L8, N2), 
surface tension (G5, H1, H16, L8, L15, L17, S4, S15, W5), and interfacial 
resistance (S4) and drop frequencies (Bll) .  
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Nomenclature 

A Surface area of drops 
A Surface area of spread drop in co- 

alescence zone, Eq. (53) 
A. Constants 
a Constant, Eqs. (4) 
B Ratio of heat capacities of disperse to 

continuous phase, Eq. (32) 
b Constant, Eq. (4) 

C. Constant, Eqs. (32), (33), (47) 
C,, Specific heat capacity 
D Drop diameter 

D* Initial drop diameter 
D Column diameter 
d Agitator diameter, Fig. 22 
E Reciprocal of Biot number, Eqs. (32), 

(33) 
Ef, Transfer efficiency, drop-formation 

region 
Ef, Transfer efficiency, coalescence region 
EF Transfer efficiency, end effects, over- 

Em Transfer efficiency, constant-velocity 

ET Transfer efficiency, over-all 
F Holdup, fractional volume of dis- 

persed phase in column 
f Coefficient, function of (NRe)c 
G Superficial velocity, ft3/hr/ft2 
G' Mass velocity, Ib/hr/ft2 
g Acceleration; coefficient, viscosity- 

dependent 
H Rate of heat transfer, Btu/hr/ft2 
h Heat-transfer coefficient, Btu/hr/ft2/ 

"F 
K Log-mean average of distribution co- 

efficients, Eq. (2) 
K,, Ratio of true to potential-theory in- 

terfacial velocity 
k Thermal conductivity, Btu/hr/ft/"F 
L Geometric factor (D + D/D),  Eq. (2) 

M (GC,p)=/(GCpp)d = 1/B 
rn Exponent, Eq. (4); per cent vapor in 

two-phase drop 
N Rate of agitator, rpm, Fig. 22 
n Exponent, Eq. (4); also y - 1, Fig. 23 
P, Specific power input 
Q Total heat transferred, Btu, Eq. (12) 

all (=&, + Ef2 - Ef,Ef,) 

region 

q heat flow, Btu/hr, Eq. (31) 
qa Heat-transfer rate, Btu/hr/ft 
qv Specific heat flow rate, Btu/hr/ft3 
R Factor, ratio of effective to molecular 

diffusivity 
R Drop radius 
r Radial distance 
S Reciprocal of Peclet number, Eqs. 

T Temperature 
(321, (33) 

AT 

U 

0 

o* 

U" 

U 

US 

V 
VS 

W 
X 

Y 

z 

Temperature difference between 
phases 
Overall heat-transfer coefficient, 
Btu/hr/ftZ/"F 
Overall transfer coefficient, related 
to average of instantaneous area 
Overall transfer coefficient, related to 
initial drop area 
Volumetric over-all heat transfer co- 
efficient, Btu/hr/ft 3/"F 
Drop velocity, relative 
Velocity at drop equator, Eq. (16) 
Volume, of drop or column 
Slip velocity, Eq. (39) 
Mass-flow rate (Ib/hr) 
Distance vector, parallel to drop 
interface, Eq. (15); exponent, Eq. 
(50) 
Distance vector, normal to drop 
interface, Eq. (15); exponent, Eq. 

Height of column 
(50) 

GREEK LETTERS 

a Molecular diffusivity, ft2/hr 
a. Eddy diffusivity, ft2/hr 

Coefficient of thermal expansion; 
opening half angle of vapor in 
evaporating drop 

7 External resistance controlling factor, 
U/hc 

u Surface tension 
a, Surface tension at high concentration 

of surface-active agent 
0 Time 

Eigenvalue 
p Viscosity 
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Y Kinematic viscosity NRa Rayleigh number, [= D3g Ap/pcac]  
p Density NRe Reynolds number, [= Duplp] 
4 Angle, Eq. (16) Nwe Weber number, [=pu*D/a]  
$ Stream function, Eq. (16) 
w Radius, dimensionless, Eq. (25) 

SUBSCRIPTS 
1 Inlet, continuous phase 

DIMENSIONLESS GROUPS 2 Outlet, continuous phase 
Biot number, [h,R/kd] 
Fourier number, [= a O / D Z ]  
Grashof number, [= D3gpc A p / p C z ]  
or [D3gt9 AT/v2]  
Log-mean average of partition co- 
efficients, Eq. (2) 
Geometric factor, [=(D + D ) / D ] ,  
Eq. (2) 
Nusselt number, [=hD/k]  
Peclet number, [= Du/or] 
Peclet number, modified, Eq. (26) 
Prandtl number, [= pC, /k]  

2 M  

C 

co 
cr 

d 
i 
0 
S 

t 
V 

cz 

Outlet; minimum approach tempera- 
ture 
Continuous phase 
Continuous phase, outlet 
Critical, radius, Eq. (60) 
Continuous phase, at height z 
Dispersed phase, drop 
Inlet 
Outlet 
Surface-active agent, slip (velocity) 
Total 
Volumetric, overall 

A 2  

TABLE AI 

VALUES FOR EQ. (11) (E2) 

A 3  A4 Ai  A2 A3 A4 

4 2.029 
6 2.289 
8 2.456 

10 2.570 
12 2.654 
14 2.717 
16 2.765 
18 2.804 
20 2.836 
22 2.863 
32 2.948 
42 2.993 
62 3.041 
82 3.080 

102 3.080 
00 - 

4.913 
5.087 
5.233 
5.354 
5.454 
5.538 
5.608 
5.667 
5.717 
5.761 
- 
- 
- 
- 

- 
- 

7.979 
8.096 
8.205 
8.303 
8.391 
8.470 
8.541 
8.603 
8.659 
8.708 
- 
- 
- 
- 
- 
- 

11.086 
11.173 
11.256 
11.335 
11.409 
11.477 
11.541 
11.599 
11.653 
11.703 
- 
- 
- 
- 
- 
- 

0.159 
0.153 

0.142 

0.134 

0.129 

0.125 
0.118 

0.111 

0.107 

- 

- 

- 

- 

- 

- 

- 

0.00634 - - 
0.0109 - - 

0.0179 0.00408 - 
- - - 

0.0220 0.00600 - 
- - - 

0.0242 0.0119 0.00291 

0.0255 0.00858 0.00359 
- - - 

- - - 
- - - 
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TABLE A11 

VALUES FOR EQ. (IV-4) (h, = a) 

n A n  An Reference 

1 1.656 1.29 (E2) 
2 9.08 0.596 
3 22.2 0.386 

4 38.5 0.35 0313) 
5 63.0 0.28 
6 89.8 0.22 
7 123.8 0.16 

TABLE A111 

VALUES FOR EQ. (IV-5) (E2) 

A 1  A2 A 3  A1 A2 A3 

3.20 
5.33 
8.00 

10.7 
16.0 
21.3 
26.7 
53.3 

107 
21 3 
320 
00 

0.262 
0.386 
0.534 
0.680 
0.860 
0.982 
1.082 
1.324 
1.484 
1.560 
1.600 
1.656 

4.24 - 1.49 0.107 

4.92 - 1.49 
5.26 - 1.48 
5.63 - 1.47 
5.90 15.7 1.49 
7.04 17.5 1.43 
7.88 19.5 1.39 
8.50 20.8 1.31 
8.62 21.3 1.31 
9.08 22.2 1.29 

0.300 
0.382 
0.428 
0.495 
0.603 
0.603 
0.588 
0.583 
0.596 

0.205 
0.298 
0.384 
0.396 
0.391 
0.386 
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